Proving a limit theorem for the continued fraction expansion
using an iterated function system with a strictly
stationary iteration mechanism
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Let Q be the set of irrationals in I = [0,1] and let [a; (w),as (w),- -] denote
the continued fraction expansion of w € Q. The sequence (an)nen,, Ny =
{1,2,...}, is defined a.e. in I and is strictly stationary on the probability space
(I,Br,7), where By is the collection of Borel subsets of I and v is Gauss’ measure

on B; defined by
1 dx
A) = A € Bj.
7 (4) log2/A:c-|—1’ €51

Cf. ([IK], Section 1.2).

Define extended incomplete quotients a;, ¢ € Z={---,—-1,0,1,---}, by
ap (w,0) = ag (W), a0 (w,0) =ay (0),a—¢ (w,0) = aps1 (0) for £ € N4 and (w,0) =
Q2. The doubly infinite sequence (@;)sez is defined a.e. in I? and is strictly sta-
tionary on the probability space (I 2B 12,7), where B2 is the collection of Borel
subsets of I? and 7 is the extended Gauss measure on B;2 defined by

// dmdy , B € B-.
log 2 (xy + 1

Cf. ([IK], Subsections 1.3.1 and 1.3.3).

Set 3¢ = [G¢,,Q-1,...], ¢ € Z,and s§ = a, s& | = 1/(ant1+55), a €
I, n e N={0} UN,. We prove that for any a € I the sequence ( CRIE )
on (I, By,~) converges in distribution as n — oo to the strictly stationary sequence

(50,51---) on (12, 812,7) . In particular,
lim v (s, <z)=7([0,2]), z €1,

for any a € I, cf. ([IK], Subsection 2.5.3), and

lim v (s& <, s, <y)= hm FGo<z, 51 <y) = 1im J(5-1 <z, 50 <y)
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for any a € I and (z,y) € I?. Here, [-] and {-} stand for whole part and fractionary
part, respectively.

In the proof we use Kingman’s subadditive ergodic theorem (see [K]) and
work of J.H. Elton [E] for iterated function systems with Lipschitz self-mappings
obeying a strictly stationary mechanism instead of an i.i.d. one.
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