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Abstract: A new model for discrete-valued time series is proposed: Markov
chain of the order s with 7 partial connections MC(s, 7). Statistical estimators
for the parameters of the MC(s, r)-model are constructed. The asymptotic
properties of these estimators are proved. Statistical tests on the parameters
of this model are proposed and their performance is analyzed. The theory is
illustrated on some real statistical data.
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1 Introduction

Mathematical modeling of complex systems and processes in genetics, meteorology, so-
cial sciences, medicine, economics usually leads to the problem of statistical analysis of
discrete-valued data (see Avery and Henderson, 1999). If we analyze the data in dynam-
ics, we come to the model of discrete-valued time series, i. e. a random process ©; € A
on the probability space (€2, F', P) with discrete time ¢t € N = {1,2, ...} and a finite set
of N (2 < N < o0) states A = {0,1,..., N — 1}. An universal model for long-memory
discrete time series is the high-order Markov chain (see Billingsley, 1961). Unfortunately,
the number of parameters for the s-order Markov chain D = N*(N — 1) increases expo-
nentially with respect to the order s, and to identify this model is a computationally hard
problem; in addition, we need to have data sets of huge size n > D. This situation gener-
ates topical problems of construction and statistical analysis of small-parametric models
for high-order Markov chains, i. e. for the models determined by small number of param-
eters of the transition matrix. Some of these models are known: the Jacobs-Lewis model
(see Jacobs and Lewis, 1978), the Mixture Transition Distribution model (see Raftery,
1985), the hidden Markov model (see Rabiner, 1989), the variable length Markov chain
(see Buhlmann and Wyner, 1999).

A new model called “Markov chain with partial connections” was proposed by Kharin
in 2004. In this paper, using the results from Kharin and Piatlitski (2007) we establish new
properties for this model, consider methods for estimating the model parameters, analyze
properties of the estimators, apply this model to real statistical data.

2 The MC(s, r)-Model and its Properties

Introduce the notation: J* = (j;, jir1,- .., jx) € A¥~"1is a subsequence of k — i + 1 in-
dices, k > 1i; {x;} is ahomogeneous Markov chain of the s-th order with the state space A,
the one-step transition probabilities p gt = P{ziis = Jos1|Ttas—1 = Jsy- -, Tt = J1}s
and the initial probabilities 7 ;s = P{X{ = J{}, Ji™" € AT
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Definition 1. The Markov chain x; is called the Markov chain of the s-th order with
r partial connections (see Kharin and Piatlitski, 2007 ) if

— — +1 +1
Pystt = Pijrseisdistr = qjm(l’""vjmg’jsﬂ , Jls e AT, (1)
where r € {1,2,...,s} is the number of connections; M? = (m?%,m3,...,mb) € M is
the integer-valued vector with r ordered components 1 = m{ < ... < m? < s, called the

pattern of connections, M is the set of all admissible patterns; () = (q J1r+1) ST ear+t is
the stochastic matrix, that is, q g7+ >0, J;T € AL and erﬂeA Qe = 1, J] € A"

The equation (1) means that the transition probability to the state j,,; depends not on
all s preceding states ji, ..., j; but on r selected states j,.o, ..., jno only. The transition
matrix for the MC(s, r) is completely determined by N"(N — 1) parameters, instead of
D parameters. If » = s, then the MC(s, ) is the Markov chain of the s-th order.

Theorem 1. Let d be the greatest common divisor of m3 — m9,m§ — m3, ..., m¥ —
m®_,s+1—ml Ifd > 1and x1,xs,...,xs are independent, then the MC(s,r) can be
represented as the sequence of d independent processes:
1 2 d
Tt-1)d+1 = xi ), T(t-1)d+2 = iUE ), sy L(t=1)d+d = %E ) ) teN,

where {z\"} is the MC(s/d, ) with the pattern M} = (m +d"(mQ —mY)),_._, and
the transition matrix Q, i = 1,2, ..., d. -

probability at the time ¢ + k,1d depends on the states at the times ¢ + kid, ..., t + k,d,
wheret e Nyt —1=kd+1,0<1<d—-1,k=0,1,.... Itis easy to see that the sets
{(k+k)d+1+1:1<i<r+1,k >0} are mutually disjoint for different /. O

Proof. Denote k; = (m) —mf{)/d, wherei =1,...,r+ 1, m,; = s+ 1. The transition

Introduce the notation: 0;x ;x = Hle 8i,.;, is the Kronecker symbol for I¥, J¥ € A¥;

* _ s s s. % (1) : L 1543
Pls ks = Ogs kot @y e Ji, Ki € A% pys . are the i-steps transition probabilities.

Definition 2. Let us call the MC(s, 1) the ergodic Markov chain if there exists the limit

. * (2
lim; 00 pJ(}(f = T Ki € A%, where e > 0, 3 g e Ties = 1.

.157
Theorem 2. The MC(s,r) is ergodic if and only if there exists i € N such that
X s+1
Hlln]f,]gj::ileAg ZJSIieAz szl qjk+m?—1""’jk+7n,(r)—1’jk+5 > 0 °
Stationary probability distribution (7 73 )Jseas IS the unique solution of the equations

* * s+1 s
VI Ths s o JIT e A
g5t § :j1€A I3 Djpreedmodstrr /1

Proof. The MC(s, ) can be reduced to the first order vector Markov chain, then using the
ergodic theorem from Kemeny and Snell (1960) we obtain the necessary statement. [

Corollary 1. If min jre1c grs1 qyre1 > 0, then the MC(s,r) is ergodic.
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Corollary 2. Let the MC(s,r) be an ergodic Markov chain. The stationary probability
distribution is uniform (W§f = N7°) if and only if the matrix Q) is doubly stochastic:

ZleA quhLl = 1’ er-HEA qur+1 =1L
Corollary 3. Assume that the MC (s, r) is an ergodic Markov chain. The stationary prob-
ability distribution has the multiplicative form ﬂ}f =11, mr, Ji € A° if and only if
_ r+1 . x

7T;TJrl = zjleA 7T;~<1 qyr+1, Jy € A" ZjeA = 1.
Definition 3. The MC(s, ) is stationary if it is ergodic and its initial probabilities (7 : ) yse a5
equal the stationary distribution (77 ) s as.

Let the MC(s, ) is stationary, ILLJI‘+1(MT) = P{riim,—1 = 1, s Toom—1 = Jr,

Tiys = Jry1} = ZKfeAS 5,%1 g1 Ok i W;(f PK: ot J{H € A", is the probability
distribution of the (r 4+ 1)-tuple for some pattern M, € M; the point instead of any index
means summation on all possible values of this index: ju;r.(M,) = > jrireA Hrit (M,).

3 Statistical Estimators for Parameters of the MC(s, r)
and Their Performance

3.1 Statistical Estimation of the Matrix ()

Introduce the notation: X' = (1, 9,...,2,) € A" is the realization of the MC(s, r)
of the length n > s; F(Ji”s_l; MT) = (Jivmyi—1, Jitma—1s-- - Jitm.—1) is the selector-
function of the 7-th order for some pattern M, € M, Jfrs_1 c A%, i eN;

n—s

. = +1 +1
Ve (XT3 M,) = thl Op(xttetiag, Yoy Oeeeins ST € AT (2)
are the frequency statistics of the MC(s, r) for some pattern M, € M.

Theorem 3. Let the pattern of connections M? is known. The maximum likelihood esti-
mator (MLE) for the matrix () is

- g (M) (MO), i iy (M) >0,
Q = (qJ{+1>Ji"+1€AT+17 quTH = { 1/}\[7 Zf [ALJIT(MB) —0, 3)
s (M) = v (X35 M) (n — ) @

is the frequency estimator for the probability g+ (M,), Jtt € A+ M, € M.
The proof can be found in Kharin and Piatlitski (2007).

Lemma 1. Assume that the MC(s,r) is a stationary Markov chain. Then the statistics
il J1r+1(MT), J7 ¢ A" defined by (4), are unbiased and consistent estimators with

covariances Cov{[i yr+1 (M), figr+1 (M)} = 05{+17K;+1/(n — s) 4+ O(1/n?), where

0?{“,[({*1 = MJ{“(MT>(5J{+1,K1T+1 - ,UK{“(MT» + ﬁJ{“,K{“(Mr) )
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—_ *
By g (Mr) = 3ope pocas OR300y ORLHM,) KT PIg Gos PL3 ki (TH €13 r40) L3 T
+7Ls (L kraa) 05 )r CIs L = Zk:l(plf,Lf — ;). Moreover, the probability distribu-
tion (v/n — s(uJ{H(MT) — /LJT+1(MT)))J1T+1€AT+1 at n. — oo converges to the normal

distribution with zero mean and the covariance matrix Y9 = (o JrH g ) T KT e AT

Proof. The frequency statistics of the MC(s, r) defined by (2) are linear functions of the
frequency statistics of the Markov chain of the s-th order (see Kharin and Piatlitski, 2007).
Using the relationship (4) and generalization of Lemma 3.2, Theorem 3.3 from Billingsley
(1961), we come to the necessary statement. [

Remark 1. The matrix C' = (cys 13) js,1:c4- can be expressed linearly in terms of the
fundamental matrix Z = (E — P* +11*)~! of the Markov chain: C = Z — E, where E =
= <5Ji>‘,[f)’]f71-13€143 is the identity matrix, P* = (5J§,1f_lpjls’is>*]13711S€As’ I = (ij)J-lSJiS'eAs.
The matrix Z can be efficiently calculated (see Kemeny and Snell, 1960).

Theorem 4. For the stationary MC(s, 1) the statistics § g I e A" defined by (3),
at n — oo are asymptotically unbiased and consistent estimators with covariances
5 5 — 44 2
Cov{yr1, g1} = JJ{'“,K{“/(” —8) 4+ O(1/n?), where
q _ 0 +1 +1 +1
O—JI+17K{'+1 - 5J1T:Kf qJIH'1 (5jr+1»kr+1 - qu*'l)/:qu'(Mr)’ I ) K{ €A™
Moreover, the probability distribution of the N"t'-dimensional random vector
(\/n — s(qAJ{H — qurH))JweAT+1 at n — oo converges to the normal distribution with
1

zero mean and the covariance matrix ¥¢ = (o rH, KIH) JTHL KT e Ar

Proof. Consistency of the estimators immediately follows from the equation (3), Lemma 1
and the theorem on functional transformations of random sequences (see Borovkov, 1999).

Since 9G r+1/Ofiyer+1 (M?) = 0 k(65,01 ki —chIH)/,aJ{.(MB), then using the con-
tinuity theorem for random sequences (see Borovkov, 1999) and Lemma 1, we have that
the probability distribution of the random vector (\/n —s(q g — 4 J1r+1)) Jrle e CON-
verges to the normal distribution with zero mean and the covariances 1

Z (6j7'+1>ir+1 - qu“)((ser,er - QKI'H)

q
O ri1 prtl — Ocgri KTl .
S frp-(MP) oy (M) (hiria ) (K frs)

i7'+1 al'r+1 €A

Asymptotic unbiasedness and expressions for asymptotic covariances of the estima-

tors ¢ T J7 e AL follow from the continuity theorem for moments (see Borovkov,
1999) and the boundedness of the estimators ¢+ € [0, 1], J| e At O

Corollary 4. Under the assumptions of Theorem 4, the statistic Q is the mean-square
consistent estimator. Moreover, the mean-squared error of () is

Au(Q) = B{IO-Q)% = (n—5)"' S Gy (1= ) /g (M) +O(1/n?)

Jrtlear+t

where || - || is the Euclidean matrix norm.
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Consider the problem of statistical testing of two hypotheses: Hy = {Q = Q°}, where
Q° = (¢9+1) r+1carss is some fixed stochastic matrix; 1, = H is the alternative.
1

The test statistic based on Theorem 4 is
= v (X7 MG — ¢%i)? /g% 0. 5
P ZJ{GAT er+1eA,qgr+l>0 Jl( 13 r)(qJ1+1 qJ1+1) /qJ1+1 &)
1

The parametric family of decision rules for testing the hypotheses H,, {; has the fol-
lowing form: to accept { Hy, if p < A; Hy, if p > A}, where A > 0 is some parameter
(threshold value).

Theorem 5. Let the MC(s, ) is stationary. Then the asymptotic probability distribution
of the statistic p defined by (5) under Hy at n — oo is the standard x* distribution with
U= ZerAT(|DJ1r| — 1) degrees of freedom, where D jr = {j,41 € A : et > 0}.

Corollary 5. Assume that the conditions of Theorem 5 be satisfied. If A = G;' (1 — €) is
the (1 — €)-quantile for the standard x* distribution with U degrees of freedom, then the
probability of the type I error (the significance level of the test) tends to € at n — o0.

Thus, the statistical test for the hypotheses Hy, H; based on Theorem 5, Corollary 5
consists of the following four steps.
1. Computation of the statistics v/;r+1 (XT; M), Jit e AL by (2).

2. Computation of the statistic p by (5).

3. Computation of the P-value: P = 1 — Gy (p), where Gy () is the probability distri-
bution function of the standard x? distribution with U degrees of freedom.

4. The decision rule (at the significance level ¢): If the P-value > ¢, then to conclude
that the hypothesis H is true. Otherwise, to conclude that the alternative / is true.

Corollary 6. If the conditions of Theorem 5 hold and H, = {Q = Q'} is true, where
Ql = (qz]}I+l)JI+1€AT.+17 q}]{uﬂ = quJrl (1 -+ dJI‘+1/\/ n — S) s (6)

0o _
D jriieA dJIHquTH = 0, X yrrigqre [dyrei| > 0, then at n — oo the power of the

developed test w — 1 — Gy, (G (1 — €)), where Gy, 4(+) is the probability distribution
function of the noncentral x* distribution with U degrees of freedom and the noncentrality
parameter a = ZJ{“eATH g+ (M?) &,

1

Remark 2. The equation (6) means the contiguity property of the alternative H;: the
increase of the length n implies approaching of Hy to Hy with the rate O(1/+/n).

3.2 Statistical Estimation of the Pattern M?
Introduce the notation:

HOM) = =37 s e (M) og (e M) g (M) 20 (D)

is the conditional entropy of the future symbol z;,s € A relative to the past set by the
selector 7 (X{**7Y; M,) € A", M, € M; H(M,) is the “plug-in” estimator of the con-
ditional entropy that is generated by substitution of true probabilities p i (M,) in (7) by
their estimators /i ;r+1 (M, ), Jith e At
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Theorem 6. If the order s and the number of connections r are known, then the maximum
likelihood estimator for the pattern of connections M? is

~

M, = argminy; en ]:I(Mr) . )

Theorem 7. If the MC(s,r) is a stationary Markov chain, then the estimator M, defined
by (8) at n — oo is consistent: MT P, M.

Proof. Using equations (1), Lemma 1 and the theorem on functional transformations of
random sequences (see Borovkov, 1999), we have

o P
=Dt TR Pt 0 i = H(MY), H(MY) = H(MY)

Since the matrix P = (p Kot ) KitleAst uniquely determines the pair (@), M?) for the

MC(s, ), we obtain the consistency of the estimator M,. O

Theorem 8. If the conditions of Theorem 7 hold, then the probability distribution of the
random vector (v/n — s(H(M,) — H(M,))),, oy @t o — 00 converges to the normal

distribution with zero mean and the covariance matrix > = (o M), e’

!

Hp(rs;M.),is11 (M,)

17

i . sy, iy (M)
OV o = g Trs Prs+1 log —
M}, M ptieasn P

! log "
MF(If;M;).(Mr> ﬂF(If;M,’,’).(Mr )

! 1"

* *
—H(MT>H<M7.> + E ]‘f+17L‘i+1€AS+1 plf+lpL~i+1 (WIfCIS+I,Li +7TL‘iCL;+17If> X

X log (MF(If;M;),iSH(Mr)/MF(If;M;).(Mr)> log <NF(L§;M;’),ZS+1<MT )/MF(Li;M;’).(Mr )) ‘
Proof. Since H (M,) is the continuously differentiable functional transformation, then

ﬂJf(Mr) a]:](Mr) = log ﬂJ{-(Mr)
/:LJ{'“(-M'P)7 aﬂK{“(Mr) ﬂJ{'“(MT)

H(M,) = Y jiy(M,)log 9)

J{“+1€Ar+1

Then the statement of this theorem follows from the equation (9), the generalization of
Lemma 1 and the continuity theorem for random sequences (see Borovkov, 1999). [

Theorem 8 can be used for estimation of the error probability P{MT # MY},

3.3 Statistical Estimation of  and s

Lets € [s_,s¢],rer_,ry],1 <s_. <s; <oo,1 <r_ <ry <sy. Forestimation
of r and s let us use the Bayesian information criterion (see Csiszar and Shields, 2000),

A ~

which in our case has the form: BIC(s,r) = 2(n — s)H(M,) + Ulog(n — s), where
U= ZJlTeAT (|Dyr| =1+ 5}1(]{‘(%)70), Dy ={jry1 € A: fiyr+1 (M) > 0}.
Statistical estimators for r and s are defined by the minimization:

BIO(S,T‘) — minsissgs+7r7§7§r+ . (10)

where the first s, elements of the sequence X are initial (for the MC(s, ) the first
(s4+ — s) elements does not take part in the computation of the BIC (s, 7’))
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Theorem 9. If the MC(s, ) is stationary, then 7, § defined by (10) are consistent.
Proof. For some s*, r* introduce the variable ov = H(M,.) + ZJI*H@WH g (M) x

x log (ﬂJr*+l( M )/[AJT* (M %)). Let s* € [s_,s), r* € [r_,r.], then using Theo-

rems 4, 7 we have o —— D sstie st T s+t log (qF(JS S*H;M:*)’jsﬂ/qF(Jf;MQ)JS“) —

n—o0
—¢, where qF(J‘ssfs*J»l;Mr*)?]SJrl HE(Ts s 41 M )]SH( ™ )/MF(Jssfs*H;M:*)'(M:*)' Ap-
plying equation (1) and the Jensen’s inequality (see Borovkov, 1999) we obtain that ¢ > 0.
Thus, P{BIC(s*,r*) — BIC(s,7) > 2(n — s )e + (U* = U)log(n — s4)} — 1.

Similarly, as in the proof of the previous case, we conduct the proof for s* € [s, s4],

r* € [r_,r). For s* € [s,s.], 7" € [r,r{] and n — oo, we have P{av < u} — 1, where
U= ZJ;*HEAT*H( JIT*H(Xl M) — Vyre. (X7 M. )QF*(JT* ;M) +1) /’/JT*H(Xl ;M. )
F*(J775 MP) = G Jigs -0 ) le € 1,2, " omy, = s —s+my, k= 1,2,
Using the proof of Theorem 1 from Dorea and Lopes (2006), we obtain the consistency

property of 7, S. [

4 Applications of the MC(s, r) to Real Data

In this section, we analyze several sets of real statistical data illustrating three fields of
applications of the MC(s, r). Performance of the fitted models was evaluated in the com-
puter experiments by the BIC as in Berchtold (2002), Raftery and Tavare (1994).

4.1 Wind Modeling

Consider the time-series of the daily average wind speed ¥, at Malin Head (North of
Ireland) during the period 1961-1978 (see Raftery and Tavare, 1994), n = 6574. We
want to model two extreme situations (see Berchtold, 2002): days with exceptional low
and high wind speed. Accordingly, we classified the data into three categories (the wind
speed is given in knots, 1 knot = 0.5148 m/s):

0, if the wind speed is low, i. e. y; < 5;
x; = < 1, if the wind speed is normal, i. e. y; € [5, 20];
2, if the wind speed is high, i. e. y; > 20.

The data xy, 2o, . .., z, were fitted by the MC(s, r)-model (1 <s<7,1<r< s)
using the algorithms defined in Section 3. Table 1 presents the computer results. As it is
seen from Table 1 the best fitted model is the Markov chain of the order § = 3 with 7 = 2
partial connections, Mr =(1,3),

0.267 0.081 0 0.219 0.038 0 0.211 0.017 O
0.733 0.861 0.625 0.775 0.819 0.525 0.790 0.720 0.432
0 0.058 0.375 0.006 0.143 0.475 0 0.263 0.568

It means that the speed at the day ¢ + 3 depends mainly on the speed at the days
t 4 2, t. If the speed at the days ¢, t + 2 was normal, then the probability to stay in the
state “normal” at the day ¢ 4 3 is high (0.819).
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Table 1: Different modelings of the wind speed data

Model BIC Model BIC Model BIC Model BIC
MC(1,1) | 8127.52 || MC(4,2) | 8139.12 || MC(5,5) | 8621.97 || MC(7,1) | 9041.43
MC(2,1) | 8777.63 || MC(4,3) | 8164.79 || MC(6,1) | 9016.23 || MC(7,2) | 8163.07
MC(2,2) | 8096.08 || MC(4.,4) | 8332.77 || MC(6,2) | 8148.48 || MC(7,3) | 8197.91
MC(@3,1) | 8849.90 || MC(5,1) | 8984.10 || MC(6,3) | 8190.78 || MC(7,4) | 8323.19
MC(3,2) | 8079.81 || MC(5,2) | 8129.83 || MC(6,4) | 8350.82 || MC(7,5) | 8599.09
MC@3,3) | 8143.13 || MC(5,3) | 8177.92 || MC(6,5) | 8576.92 || MC(7,6) | 8973.15
MC4,1) | 8956.11 || MC(5,4) | 8349.62 || MC(6,6) | 8969.54 || MC(7,7) | 9575.64

4.2 Song of the Bird ‘“Wood Pewee”

Consider one of the records of the morning twilight song with three possible values cor-
responding to the three distinct phrases of the “Wood Pewee” song: N = 3, n = 1327.
These data were analyzed in Raftery and Tavare (1994) and Berchtold (2002) by differ-
ent models indicated in Table 2: HMM 2 (1) is the two states first-order hidden Markov
model (see Rabiner, 1989); “Pattern” is the best model found by Raftery and Tavare
(1994); MTDg [ is the order [ MTDg model (see Raftery, 1985); DCMM K (I; h) is the
K states double chain Markov model, where [ is the order of the hidden Markov chain, h
is the order of the observed Markov chain (see Berchtold, 2002). We applied the MC(s, )
to the same data.

Table 2: Different modelings of the “Wood Pewee” song

Model | BIC Model BIC Model BIC
MC(1,1) | 14242 | MC(4,2) 975.2 | DCMM 2 (;MTD 2) | 832.2
MC(2,1) | 1179.1 || MC(4,3) 765.9 || DCMM 3 (1:2) 795.8
MC(2,2) | 801.9 || MC(4.4) 7683 | DCMM 3 (2;2) 774.5
MC(3,1) | 1930.7 || “Pattern” | 827.0 | DCMM 2 (1:2) 857.2

MC(@3,2) | 1171.1 || HMM 2 (1) | 2223.2 | DCMM 2 (1;MTD 2) | 818.4
MC(3,3) | 808.6 || MTDg2 | 1037.4 | DCMM 2 (1;MTDg 2) | 843.2
MC(4,1) | 1541.4 || MTDg 3 1032.7 | DCMM 2 (252) 733.0

As it is seen from Table 2 the best fitted models are the DCMM 2 (2;2) and the
MC(4,3) with M, = (1,3,4). The matrix Q) is represented in Figure 1, where dark-grey
color is the transition probability to the state “0”, light-grey color — to “1”, white color —
to “2”. One can see that the fitted model MC(4,3) reveals significant dependencies in the
observed time series.

4.3 DNA Analysis

DNA sequences use the alphabet of 4 bases {A,C,G,T}. Here, we study a binary
representation of this alphabet, the purine-pyrimidine alphabet (see Berchtold, 2002).
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000 001 002 010 012 020 021 100 101 102 110 111 120 200 201 202 210 212 220

Figure 1: Illustration of the matrix Q for the “Wood Pewee” song

Each base is recoded as either purine ({A,G}) or pyrimidine ({C,T}). We consid-
ered methanococcus maripaludis C5 genomic DNA sequence from DNA Data Bank of
Japan (www.ddbj.nig.ac. jp), its length is n = 2!7. We analyzed these data using the
MC(s,r)-model (1 < s < 32,1 <r < min{s,8}).

The best fitted model is the Markov chain of the order § = 27 with # = 5 partial
connections, the pattern M, = (1, 7,16, 19, 27) and the matrix Q (represented in Figure 2,
where dark-grey color is the transition probability to the state “0”, light-grey color —
to “17). As it is seen from Figure 2 the MC(27,5) provides a good fitting of the examined
DNA sequence.

00010
00011
00100
00101
00110

00111
1
1
1
1
1
1
1
1
0

Figure 2: Illustration of the matrix Q for the DNA sequence
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5 Conclusion

In this paper, we considered a new model for discrete-valued time series — Markov chain
with partial connections MC(s, 7). The properties of the MC(s, r)-model were analyzed.
Consistent estimators of the parameters were constructed. A statistical test for the value
of the matrix () is proposed, its power is evaluated. The proposed model is illustrated in
fitting of real statistical data.
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