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Abstract: A polynomial structural measurement error model is considered.
A goodness-of-fit test is constructed based on the quasi-likelihood estimator,
which is asymptotically optimal in a large class of estimators. The power of
the test is discussed. The test for the linear model with unknown nuisance
parameters is studied in more detail. Similar test can be applied to much
more general situation, where the estimator is constructed based on a score
function.
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1 Introduction

Zhu, Song, and Cui (2003), Cheng and Kukush (2004), and Polekha (2006) constructed
lack-of-fit tests for a polynomial errors-in-variables model (EIVM). That was a score type
test using a weight function.

In this paper we propose a totally different idea. Our test is rather general, it is based
on an estimator generated by an unbiased score function and involves its partial deriva-
tives. The test is applied to a polynomial EIVM. We show how to disturb the initial model
in order to construct a local alternative, which makes it possible to measure the power of
the test. The test in a linear model is studied in more detail.

The paper is organized as follows. Section 2 presents the test in the most generality,
where the model of i.i.d. observations is not specified. Section 3 contains a local alter-
native in rather general nonlinear EIVM. In Section 4 we introduce the quasi-score-like
function for the polynomial EIVM, where all the nuisance parameters are unknown. In
Sections 5 and 6 we derive the test statistics for the linear and polynomial EIVM, and
Section 7 concludes. The main proofs are given in the Appendix.

2 General Test

Suppose that a family of d-dimensional distributions {P,| t € ©} is given. Here O is a
convex compact set in R%. By the i.i.d. observations zi,. .., 2, we want to construct a
goodness-of-fit test for the hypothesis

Hy: L(z) € {P|te O}

Now, we suppose that H, holds, with a true value . Let g(z,t) be a Borel measurable
score function valued in R?. The estimator 6 of § is defined as a measurable solution to
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the equation
n

q(z,t), te€oO. (1)

i=1

1
Sp(t) =0, Su(t) .= —
(t (t) =~
We need the following assumptions.

(i) 6 1is an interior point of ©.

(ii) For each z € R, the vector function ¢(z,-) € C*(U(O)), where U(O) is a neigh-
borhood of ©.

(iii) Eg||q(z,0)||* < oo, and for each t € ©, E;sup,.q || DIg(z, s)|| < o0, j =1,2,3.
(iv) The vector function Sy (t, s) := Eq(z,t) € C?(0?), and S (t,s) = 0iff t = s.
(v) The matrix V := 95,.,(0,0)/0t" is nonsingular.

Assumption (iii) implies that for each t € Theta, S, (t) — Suo(t,0), as n — oo
Py-a.s. The sequence {S,(-) : n > 1} is equicontinious Fp-a.s. due to the boundedness
of E Dyq(z, -). Therefore Py-a.s.

Sn(+) = Seo(+, 8), as nm — 00,

uniformly on ©. Moreover, S (t,£) = 0 and V' is nonsingular. Due to Kukush and
Schneeweiss (2000), the equation (1) eventually has a solution, i.e., 3, P(Qy) = 1,
Yw € Qp IN(w) Vn > N(w): equation (1) has a solution.

Now, we give a more rigorous definition of the estimator 6. If (1) has no solution
then we set § = 0, where 0; is a fixed vector from ©; otherwise we choose an arbitrary
solution in such a way that 0 be a measurable function of w. This is possible due to
Pfanzagl (1969). Therefore, the equality

Su(0) =0 )

~

holds eventually. Next, S, (¢t,0) = 0 iff ¢t = 0, therefore the estimator @ is strongly
consistent, see Kukush and Schneeweiss (2000) for more detail.
To construct a goodness-of-fit test, introduce the test vector

0Sn s 08« 4 A
fn == V/nvec ((%T 0) — 5T (6, 6’)) :

Denote

9 .
A= [Id2 AQ] s A2 = —at—_l_ vec (m_TSOO) (9,9) -V s (3)
where I}, stands for the unit matrix of size k, and in (3) k = d>.
Theorem 1. Under assumptions (i) to (v),
fo 5 N(0,B), B=ASAT,

where the matrix 3. is variance-covariance matrix of the vector

0
vec (at—Tq(z, 0)) . @)
q(z,9)
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Thus that a statistic
T, o= | B2 fl)?

is asymptotically y>-distributed with d? degrees of freedom which equals the size of B.

If B is degenerate then we transform 7, as follows. Let 1 < r < rank B, and suppose
that we can choose exactly r components of the vector f,, and form the r-dimensional
subvector f,(f) in such a way that B(") be nonsingular matrix. Here B(") is the asymptotic
covariance matrix of f,(f). Then

T 7’71/2 r d
T = 1B" VP S

Based on this convergence, a goodness-of-fit test is constructed.

3 Local Alternative in General Errors-in-Variables Model

Suppose that £ and y are random variables and we know the first and second moments of
y given £ up to unknown vector parameter [3:

m*(§, ) = Elyldl, 0§, 8) = Vyl¢]. )

The model (5) is called mean-variance model for the couple (£, y), see Carroll, Ruppert,
Stefanski, and Crainicianu (2006). The £ is latent variable. Instead of & we observe a
surrogate random variable x, which is related to £ by measurement equation

x =&+, (6)

where § ~ N(0, o) is independent of y and . The variance o7 is known and positive.
The latent variable £ has a probability density p(, ), which is known up to a vector
parameter a. We observe z = (x,y)' and want to estimate § = (o', 37)" € R?. This
is errors-in-variables model, see Kukush, Malenko, and Schneeweiss (2006) for more
details.
Here and hereafter we consider a quadratic-in-y unbiased score function only, which
is valued in R%:

q(z,y,t) = a(z,t) + b(z, )y + c(z, )y*, zER,YERLEO.

Let H, be the hypothesis that the observations (y;, z;), ¢ = 1,...,n are i.i.d. copies of
this model. Suppose that the local alternative to H is

Hy, G =y + p(&)n~Y2, i=1,...,n. (7

Here in (7) g; is the observed response variable, and (y;, z;,&;) are i.i.d. copies of the
above mentioned model (5) and (6). We need the following relations to hold Fy-a.s. as
n — oo:

23 (sup D, 0l (&) + sup [Dietas, - lip(€0]) = o). ®
i1 te

tc®
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1 & ;
=~ > sup [ Die(wi t)]| - (&) = o(n);  j=0,1. ©)

] t€O
Denote

. 1 <& ~
=1

and let # be a measurable solution to the equation gn(t) = 0. Consider

. 9S, = 0Se ,~ =
fn == +/nvec <8tT 0) — 5T (6, 9)) :
Here consistently with (iv), S (¢, s) = Egq(z,y,t),t,s € ©.

Theorem 2. Under assumptions (i) to (v), (8), and (9),

Fo=fot f+0,(1) SN(f,B), (10)
where
- 0? 0 0S4 _ 0
f = VECEH ay%(may79>p(£> - at_‘rvecat_-r(eae) % ! E6’ a_§($7y79)p<€)7

and matrix B is given in Theorem 1 with matrix A given in (3).

As a consequence of Theorem 2 we have that under H,, the statistic
I = [BO 70N £ 2C), with 0= [BOTV O,
Here x%(C') is the noncentral x? distribution with noncentrality C, i.e.
XHC) ~ (G +C) + Z 7, G ~N(0,1),  are independent.
i=2

The larger C' the larger the power of the test.

4 Score Function in Polynomial Model
Consider the polynomial EIVM

yi=00+ &+ + 0 e,
{5171':&—!-@, 1=1,...,n. (11)
Here & ~ N(p,0?), e ~ N(0,¢), § ~ N(0,03), all the variances are positive, and
&,€i,05, 1 = 1,...,n are mutually independent. The parameter 3 := (5y,..., )" is
unknown vector parameter. The nuisance parameters /i, and o2 := ag + 02, and ¢ are
unknown, while o7 is assumed to be known. The total vector of unknown parameters is 6.
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Denote m(x,t) = Efy|z|, v(z,t) = Ei(y — m(z,t))?|z]. To estimate § we use the
quasi-score-like function ¢(x, t) with components

q(ﬁ) (ZE, Y, t) = (y - m(x, t))mﬂ(xv t)v_1<x7 t)?
gz, y,t) = (x — s (. — p)* — o),
¢ (x,y,t) = (y — m(x,t))* — v(z,t).

This function yields an optimal estimator for a large class of unbiased scores, see Kukush
et al. (2006) and (Kukush and Malenko, 2008).

For assumptions (8) and (9) to hold it is enough to have Ey p*(£) < oc.

5 'Test in Linear Model

As a particular case consider the linear model, k¥ = 1. Let§ = (3", u,0,0)". We have
the following result: rank B = 4, for all possible values of the parameters. We are able
to choose a 4-dimensional vector fT(LT), r = 4, such that for all possible values of 6, the
corresponding matrix B is nonsingular. For example, these are the first, second, third
and seventh components of f,,. The choice is not unique.

We suppose that function p(¢) is differentiable and

p(E)] < cre

for some positive ¢; and cy. Then Ej p?(£) < oo and assumptions (8) and (9) hold.
Introduce the reliability ratio K’ = 1 — 0jo~?, and 72 = Koj. Then under the local
alternative H1,, the deviation vector f from Theorem 2 is equal

_ E,»
= 011)72(5) 5
2723 2ut? B (1-K)(v—2¢) 0 0
2ur* By 27 (12 +0g+7%) 1 p(1-K)(v—2¢) 27%(v—2¢)/c O
xvec | —(1-K)(v—2¢) p(1-K)(v—2p) —2¢(1-K)?p3 0 0
0 272(v—2¢) /0 0 —8p(1-K)?p1) 0
0 —27292 0 —4(1-K)%0v2p;, 0

Let Eyp'(€) # 0. For r = 4 we select a subvector fy) in such a way that the correspond-
ing B is nonsingular, and then the corresponding deviation vector ") will not vanish.
We will have

T M2 d r) =12 g
T = 1BY AP S (BT FO).

We mention that the proposed test is very sensitive: even for a linear disturbance
function p(&), the noncentrality parameter in the limit distribution of the 7" will not be
equal zero.
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6 Test in Polynomial Model

In the polynomial model of order k£ > 2, it is not easy to compute rank B, because the
matrix Y is always degenerate. Therefore we propose a modified test vector

0SSy ,a 08« , 5 2
o= Vi (G0 = = 0.0) )

where h is fixed nonzero vector from R<%. Then
fom S N(0,By),  Bu=AyShA],

where
0*(h"Ss)
ototT
and Y, is variance-covariance matrix for the vector [0h'q(0)/0t";q"]".
For known nuisance parameters (i.e. when # = (3) under the condition that the true
B # 0, for any h € R¥*! such that h;, # 0 we have that ¥, is nonsingular. This implies
that B3}, is nonsingular as well and

Ay = [1q Ap2l, Apo = — 0,0)- V1,

_ d
Thn = ||B, 1/2fh’n||2 — Xi+1a as n — o0.

Under the local alternative H4,, given in (7), the modified test vector has an expansion
similar to (10), B -
fh,n:fh,n+fh+0p<1)a as n — oo,

where the modified deviation equals

0*(h'q) 0q
8yat‘r (CL’, Y, 9) + Ah,? : E9p<£>a_y(‘r7 Y, 9)

fn=Eqgp(&)
Therefore, under H,,, we have
- —-1/2 7 d —1/2 7
T = 1By, 2 Frall® = X342 (1B, 2 Full)-

The larger HB,:l/ ? fu the larger the power of the test.

7 Conclusion

We constructed a very general goodness-of-fit test, which works for any unspecified
model of observations, where the estimator is generated by an unbiased score function.
In errors-in-variables setup, we proposed a local alternative for the test. In a forthcoming
paper we will compare the power of this test and other tests known in the literature.
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Appendix

Proof of Theorem 1

1°. First prove the asymptotic normality of 0.
Denote Af = § — 6. From (2) and the consistency of 6 we have that eventually

85,
S ()80 47, =0, (12)

Sn(0)

where

1 0%S,
< = i . 2,
”Tn”—ziggHaﬂat“)H ag|

But due to (iii), Eg sup || DZq(z,t)|| < cc. Then Py-a.s.
t€®

2

9%S, q
su su — Egsup || =—==(2,1)|| < o0,
i prapnt H Z s atTat >H 4 PrarTiel
asn — oo, and Py-a.s.
sup s 0" (t)]] < o0
up su
vat et || OET Ot ’
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implying
lrall = O(|AG]?).

From (12) we have
8tT ( )\/_AQ = \/ﬁsn(e) - \/ﬁ?”n,
VA = =V \/nS,(0) + 0,(1). (13)
By (iii) and (v)
ViS.(0) % N(0,%), £, :=Eyq(z,0)q" (z,0).
Therefore, we get
VAl L N0, VIS V).

2°. The next step is to prove the asymptotic normality of f,,. Consider the (i, 7)-th
element of the matrix, which forms f,,:

35’7”‘ A aSooi N N\
=y, )~y 0=
i gy 4 T gy g — D319 gy 1.0+ O(|20|),

ot O " Gan ot

o (0 0
L;j = a—tj (a + %) Seoi(t, s)

where

=0,
(6,0)

due to the condition S, (¢, ) = 0. Here assumptions (iii) and (iv) were used together with
the same reasoning as in the first part of the proof. Applying (13) we have

ot

Vs = v/ ( (9) - 2= <6,9>) + 250 g) g + o,(1) =

ot; Ot 0t

) . 2
TO) = T0.0)) - 0.0V VS, 0) + 0,(1) =

ﬂ(atj )=, 9 atjat( v

J
ot (©) - ot

[1 _ S (e,e)v-l] Vo [ 0.0) ST (9)] o).

ot;0t
Therefore,
fn =A- gn + Op(1>a

where A is defined in (3) and the sequence

o = /T vec (%Sn(ﬁ) afTS (6, 0))
Su(0)

satisfies the Central Limit Theorem. g, 4N (0,%) with the matrix 3 given in (4). We
have f, -5 N'(0, ASAT).
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Proof of Theorem 2

Consider the difference between gn(t) and S, (t). Assumptions (8) and (9) with 7 = 0
imply that
sup [|.5, () — Su(t)]| <

tc® -

dq 1«
Liy Yis +— P (Gi)|sup
o) + 5 e g

d%q
\/—Z|p 51 Sup a_yg(xwy’wt)H _>O)
asn — oo Py-a.s. Then S, (t) — Seo(t,0) uniformly int € © Py-a.s. (here S is the
same as in assumption (iv)). Then eventually a solution to the equation S, (t) = 0 exists
and the equality S,, (0) = 0 holds implying § — 6 as n — oo Pp-a.s. We have a.s.

5.(0) + 922 (0)(5 — 0) = (6 — o)),

V(0 —0) = - (%w)) VinSa(0) + 0,(1).

Under assumptions (iii), (iv), (8), and (9) with 7 =1,

GE0) > TE0.0) = Ve VaSa(t) = VS, (0) + Ea 5w 0. 00p(E) + 0y(1)
Thus R
VAl = 0) = —V 15, (68) + 0,(1),
and
= d dq

vVl —0) S NS, A=-V'E;—(z,y,0p&), 2Xi:=Eeq(z0)q (20).

dy

Investigating the fn we repeat the reasoning from the proof of Theorem 1. Denote by $;;
the (, j)-th element of the matrix, which forms f,,. Then

J

i OShi 0Ssei ?S,,; _
Sij=vn ( o, 0) = —5; (9>9)> T oo (O)V/n(0 — 0) + 0,(1) =

Vi (asm_ (6) - 2 (e,e>> 05t (5, ) S, (6) + o,(1) =

ot ot ot 0t
0%q 0%S.;
sij + Ep —— Dy, ——(z,y,0)p(&) + o0 (0,0) - X+ 0,(1).

Taking vec operation we obtain the expansion (10) and then the statement of the theorem.
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