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Abstract

Probability theory is based on the concept of independence, but independent stochas-
tic models are unsuitable in many applications and starting with Markov’s studies
of one-step dependence models, the investigation of dependent processes began early
in the theory. Beside Markov chains, the most classical dependent structures are
martingales and stationary processes, whose intensive study started in the 1930’s and
whose structure and analytic properties are fairly well known. Still, many important
problems in modern probability theory, statistics and econometrics lead to asymptotic
problems not covered by the classical theory and the purpose of our dissertation is
to give a detailed study of the refined asymptotic and fluctuation properties of these
models. Among others, we will extend the classical fluctuation theory of martingales,
proving upper-lower class results under optimal conditions and closing the gap be-
tween the independent and martingale theory. We will also prove several asymptotic
results for ARCH type processes, a class of stationary processes playing an important
role in modern econometrics. Finally, we will extend and sharpen a number of basic
results in almost sure central limit theory, another recent, much investigated field in
probability limit theory, exhibiting unusual dependence behavior. Specifically, we will
describe the critical behavior of the ASCLT and determine the exact asymptotics of
generalized moments in the theory. The basis for our proofs will be strong approx-
imation, a method allowing one to reduce the asymptotic properties of dependent
processes to those of a 'limiting’ process, typically Brownian motion. This idea is due
to Strassen [101] [103] and has been extended to wide classes of dependent processes
by Philipp and Stout [90]. The new element in our approach is that instead of mar-
tingale approximation and Skorohod embedding used in the classical theory, we will
give a direct a.s. approximation of nonlinear functionals of the studied processes by
independent random variables, a method applying under very general conditions and
leading to optimal results.
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Introduction

Probability theory grew out of the concept of independence and its most complete
results concern sequences of independent random variables. However, independent
sequences represent only a fraction of interesting random processes in practice and
from the earliest days of probability theory, an intensive study of dependent processes
has also begun. The simplest and best understood dependent structure is the class
of Markov processes: Markovity is generally easy to verify and the linear character
of the equations describing the time development of Markov processes (given by the
Kolmogorov differential equations) enables one to give a rather complete description of
the structure and asymptotics of such processes. A similarly well understood structure
is the class of martingales, which grew out of the study of games of chance and has, like
Markov processes, widespread applications in natural sciences, economics and finance.
The martingale relation F[X,| X, ..., X, 1] = X,,_1 seems to be less informative than
Markovity, but its consequences on the structure of the process are equally strong.
Assume e.g. EX2 < oo and let s2 = >, E[(X), — Xg—1)?|X1,..., X)—1]. Then,
under s> — oo a.s. the asymptotic behavior of {X,,, n — oo} is the same as that of
{W(s%), n — oo}, where W is a Wiener process. This fact and its continuous time
analogue connect martingale behavior to Wiener processes, a connection playing a

crucial role in applications.

A third classical and widely studied class of dependent processes is the class of station-
ary sequences. Similarly to Markov processes and martingales, stationary processes
have a rather transparent structure: by a classical result of Rosenblatt [92] (verifying

a conjecture of Wiener), every strictly stationary process {X,,, n € Z} admits, under



mild additional conditions, the representation
Xn:f("-78n717€n> HEZ, (1)

where {&,, n € Z} is an i.i.d. sequence and f : R® — R is a measurable function.

Simple examples are linear processes
o
X, = Z CkEn—k, n ez (2)
k=0

or Volterra series

[e.9]

oo
Xy = g g Ciy ** Ci,€n—inEn—ij—is """ En—ig——ip
p=1

11,02, ip=1

appearing in the representation of nonlinear time series in econometrics. A further
important example is the class of stationary sequences satisfying the nonlinear dy-
namics

X =09(Xn-1,- o, Xn—psEny e+ sEnyq)

typical for economical and financial phenomena. Despite the simplicity of (1), its
infinite dimensional character presents substantial difficulties, even if f is linear. The
first general results on the asymptotic properties of the process (1) were obtained
by Ibragimov [62] and Billingsley [19] and extended later by several authors. As it
turned out, such processes have two basic types. If the dependence of f(...,z_1,x¢)
on the variables _,,z_,_1,... is weak enough for large n (”short memory” case),
then (X,,) behaves like a sequence of independent random variables. If the dependence
of f(...,x_1,x0) on its tail variables decreases slowly (”long memory” case), (X,,) has
completely different asymptotic properties. For example, the linear process (2), where
FEey =0, Ee2 = 1 and ¢, = k™, a > 1/2, behaves like an independent sequence
for a > 1, while for a < 1 the situation is different: in this case, under suitable
moment conditions, Zgl:ﬂl f(Xk) converges weakly, after suitable normalization, to a
nongaussian process. (Cf. Surgailis [104], Avram and Taqqu [6]). A similar change
of behavior holds for processes with general nonlinear f, but the exact borderline

between weak and strong dependence is generally difficult to find. Typically, the



short memory case is easier and results in the long memory case lie considerably

deeper.

The above processes are the simplest, oldest and best understood dependent struc-
tures in probability theory and there is a huge literature dealing with their properties.
Still, their asymptotic theory is much less complete than the theory of independent
random variables, and several important problems in theoretical and applied prob-
ability, statistics and econometrics lead to asymptotic problems lying outside of the
reach of classical theory. The purpose of our dissertation is to develop an asymp-
totic theory for processes of this type, providing the answer to several open problems.
In Chapter 5 we deal with the fluctuation theory of martingales. Starting with the
classical paper of Strassen [103], several authors studied refined path properties of
martingales, such as the LIL and the corresponding upper-lower class tests. Still, the
results are much less complete than the classical LIL theory for independent random
variables, developed by Feller [44] [45]. Our main result in Chapter 5, Theorem 5.1,
provides a general upper-lower class test for martingales, which not only contains and
extends most earlier results in the field, but it is essentially optimal and closes the
gap between martingale and independent results. In particular, we find an optimal
condition for the classical Kolmogorov-Erdos-Feller-Petrovski integral test for station-
ary ergodic martingale difference sequences, a long open problem in martingale LIL

theory.

In Chapters 6 and 7, we prove several asymptotic results for nonlinear time series.
Inspired by the seminal papers of Engle [39] and Bollerslev [21], ARCH and GARCH
models got to the center of attention in econometrics in the past two decades, as the
first models giving a realistic description of the volatility of financial processes. De-
spite extensive empirical statistical work in the field (see Bollerslev-Chou-Kroner [22]
for a survey of the first 10 years of the theory), we know relatively little on the refined
path and asymptotic properties of ARCH and related processes and in Chapters 6
and 7 we give a detailed asymptotic study of this model. All such models satisfy
the representation (1), but the existing theory (see e.g. Carrasco and Chen [26]) is

based on Markov methods and works only under restrictive conditions required by



the Markovity of such processes.

A further important application of our method is almost sure central limit theory,
a new and much studied field of probability theory growing out of the almost sure
central limit theorem (Brosamler [25], Schatte [96], Lacey and Philipp [69]), a striking
a.s. version of the classical CLT involving logarithmic measure. This result reveals
a new side of the fluctuations of independent random variables and has led, in the
past two decades, to an extensive literature featuring several new and remarkable
limit theorems. Asymptotic results in this field fit into a slightly modified version
of the stationary model (1), and our methods lead to a considerable sharpening of
the theory. Among others, we will determine the critical behavior of the model and
describe completely the convergence of generalized moments in the a.s. central limit

theorem, two important open problems of the theory.

The basic method of our thesis is strong approximation, a powerful method developed
by Strassen [101] [103] for the study of sums of independent random variables and
martingales. Strassen’s method was later extended for large classes of weakly depen-
dent random variables, see e.g. Philipp and Stout [90]. The essential new element in
our approach is that, instead of martingale approximation of block sums of the con-
sidered processes, we approximate functionals of these blocks directly by independent
random variables, utilizing an idea first employed by Berkes and Horvéth [15] in their
studies of GARCH models. This approach leads to considerably sharper results and
applies also for nonlinear limit theorems, opening the way for refined asymptotics of

models of the type (1) and their generalizations.

We now summarize our main results.

(A) Almost sure central limit theory

Let X1, Xs,... be i.i.d. random variables with EX; = 0, EX? = 1 and let S, =
>y Xi. Then P(S,/v/n < x) — ®(x) for all z € R, but the asymptotic fre-
quency of the integers {n : S, /v/n < 2} is not ®(z): the dependence of the random

variables S, /\/n is too strong for the law of large numbers to apply for the events



{S./v/n < x}. However, as Brosamler [25] and Schatte [96] proved under the exis-
tence of higher moments and Lacey and Philipp [69] without additional assumptions,

the ’logarithmic’ limit theorem

N
) 1 Zl Sk
J\}l—rgo lOgN 1 kI{\/E - x} (I)<x> s (3)

holds for any fixed z € R. This remarkable result (called almost sure central limit
theorem) became the starting point of a new and much studied area of probability
theory dealing with 'pathwise’ versions of distributional limit theorems. As it turned
out, the a.s. convergence relation (3) not only admits substantial refinements (pre-
cise convergence rates, LIL type results, etc.) but any weak limit theorem of the
form fo,(Xq,...,Xp) 4, G of independent random variables has, under mild tech-
nical conditions on the functionals f,,, a logarithmic a.s. version similar to (3). (See
Berkes and Cséki [9].) Relation (3) has also been extended, along with its nonlinear
analogues, for various dependent structures such as Gaussian processes, martingales,
mixing processes, etc. For a survey of the theory see Berkes [8] and Atlagh and We-
ber [4]. While in many directions essentially optimal results have been obtained, some
basic problems of the theory remain open, in fact almost untouched. Most results in
almost sure central limit theory, similarly to (3), involve logarithmic averaging and it
is natural to ask if this averaging is the only possible one, or if other weight sequences
can be used, too. Why logarithmic averages work in the theory is best seen from the
Wiener analogue of (3), i.e.

N T
lim ! / 1I {W—(t) < x} dt = (2m) 712 / e P2t a.s. for all x
ot LV e

N—oo log N

which reduces, after the transformation t = €%, to the ergodic theorem for the
Ornstein-Uhlenbeck process e~%/2W (e*). Despite the simplicity of this argument,

the relation
1 Y S,

where Dy = Zivzl dy, actually holds for many other weight sequences (dy) as well,

as was first observed by Peligrad and Révész [86]. By standard results of general



summation theory (cf. [27]), the larger the weight sequence (dj) is, the stronger the
a.s. limit theorem (4) becomes. Thus the strongest, optimal form of the ASCLT is
the one with the largest weights d. This critical (dy) marks the dividing line between
weak and strong dependence of diI{S;./vk < x}, just like the weights ¢, ~ k= in (2)
mark the boundary line between weak and strong dependence of the linear process
{X,, n € Z}. In Chapter 2 of our dissertation we will determine this critical weight

sequence (dy) and corresponding normalizing sequence Dy; our result is
Dy = exp (log N/(log log N)) (5)

for some 1 < a < 3. The surprising feature of this result is that the averaging method
determined by (5) lies much closer to ordinary averaging defined by Dy = N =
exp(log N) than to logarithmic averaging, putting almost sure central limit theory
in a new light: despite its prominent role in the theory, logarithmic averaging is of
secondary importance and much stronger results can be obtained by using summation
methods near ordinary (Cesaro) summation. The results of Chapter 2 stem from our

paper Hormann [56].

In Chapter 3 we extend these investigations to general (nonlinear) analogues of the
a.s. central limit theorem. Our results here are less precise than for the linear CLT and
an explicit determination of the critical weight sequence (dy) remains open. However,
the surprising phenomenon observed in the case of the linear CLT remains valid in the
nonlinear case as well: the standard logarithmic averaging methods provided by the
universal ASCLT of Berkes and Cséki [9] are stronger than necessary and all results
remain valid with averaging methods much closer to the Cesaro summation method.
In fact, we will construct examples where even Cesaro summation works in a.s. limit
theorems, a most surprising consequence of our results. The material in Chapter 3 is

published in Hérmann [57].

Another basic open problem of a.s. central limit theory concerns moment behavior.
Let X1, X, ... be independent random variables with mean 0 and finite variances and
put S, = >, Xi, s2 =>1_, EX?. By a slight variant of the ASCLT (3) (implicit



in Lacey and Philipp [69]), we have

1 &K1./8 1 [
- o5y _ 1 Y
i logNZk:f(sk) m/w flae™ P as. (6)

k=1

for any bounded continuous function f on R. The validity of (6) for unbounded f is
of major interest in the theory: for f(z) = 2P this expresses convergence of moments
in (3) and for this reason, the left hand side of (6) is called a generalized moment.
A complete solution in the i.i.d. case was given by Ibragimov and Lifshits [63], who
proved that in this case relation (6) holds if the integral on the right hand side is finite
and the integrand is nonincreasing for |z| — oo; this monotonicity condition cannot be
dropped. This result lies much deeper than the ordinary ASCLT (3); its proof depends
on delicate fluctuation properties of i.i.d. random variables. The argument fails for
general independent sequences (X,,) and generalized moment behavior in a.s. central
limit theory remains open. In Chapter 4 of our dissertation we give a complete solution
of this problem in the case of bounded r.v.’s X,,, revealing a striking connection
between the ASCLT and LIL. In fact, we will show that a sufficient criterion for the
validity of (6) for an independent sequence (X,) and for all |f(x)| < const - €7,
v <1/2is

| Xo| = 0(30/(loglog 5,)'7?). (7)

Moreover, we show that this result is sharp, in the sense that replacing o by O in
(7), the so obtained condition will not imply the ASCLT (6). Further, a sufficient
condition for (6) to hold for all f(z) = e**/?p(x) with ¢ € Li(R) and ¢ uniformly
continuous is

| Xn| = o(sn/(log log Sn)g/Q)‘ (8)

Conditions (7) and (8) play a prominent role in fluctuation theory: (7) is Kol-
mogorov’s classical (and optimal) criterion for the law of the iterated logarithm
and (8) is a precise criterion for the upper-lower class refinement of the LIL due
to Feller [44]. This shows the surprising fact that the validity of relation (6) is ba-
sically equivalent to the law of the iterated logarithm for (X,,), revealing a new side
of almost sure central limit theory. The results of Chapter 4 stem from Berkes and

Hormann [12].



(B) Nonlinear time series.

Asymptotic properties of financial time series (asset returns, exchange rates, inflation
data, etc.) have been studied intensively in the econometric literature in the past
decades and several models for such processes have been proposed. A characteristic
property of many financial processes {x;} is conditional heteroscedasticity, i.e. the
fact that the conditional variance o7 = Var[zs|zo, ..., z; 1] changes with the time .
The old classical models such as geometric Brownian motion (underlying, e.g., the
Black-Scholes formula) and ARMA processes have constant volatility and thus they
are, in many respects, unrealistic. The first suitable model, the ARCH (autoregressive

conditional heteroscedastic) process defined by
p
_ 2 _ Z 2
Ty = Ot&, o, =w+ Ty
j=1

was introduced by Engle [39] and became an instant success in the theory. In sub-
sequent years several extensions and refinements of this model, taking into account
various special properties of financial processes, were introduced and studied. The
latest and most general of these models, the so called augmented GARCH process
was introduced by Duan [37]; this model describes most of the characteristic features
(asymmetry, threshold behavior) of volatilities very precisely. While considerable sta-
tistical work on these processes has been done, many basic structural and asymptotic
properties of the augmented GARCH model remained unexplored. When stationary,
such processes have a representation (1) and under restrictive conditions on the i.i.d.
sequence {e;}, Markov methods lead to important information on {z;} (Carrasco
and Chen [26]). However, the path and asymptotic properties of such sequences re-
main unknown even in the simplest case of binomial ¢;,. In Chapters 6 and 7 we
prove several asymptotic results for augmented GARCH sequences under essentially
optimal conditions. For example, we obtain an a.s. invariance principle for the em-
pirical process of augmented GARCH sequences under assuming FE(log |eq|)” < oo for
some v > 0, a condition only slightly stronger than the condition for the stationarity
of {x;}. Further, we give necessary and sufficient conditions for the validity of the

functional CLT for such processes and deduce Berry-Esseen bounds in the CLT. Our



results have important consequences for the statistics of such processes, extending the
applicability of Dickey-Fuller and CUSUM type procedures for detecting unit roots

and change of parameters.

Our results were published in the papers Héormann [59], Hormann [55], Berkes, Hormann
and Horvath [13].

(C) Fluctuation theory of martingales

Let X, X5, ... be independent r.v.’s with mean 0 and finite variances and let s? =
S EX?. Let {S(t), t > 0} denote the function which is linear in the intervals
s7,5%41) and S(s7) = Xq + -+ X, (k= 0,1,...). By Kolmogorov’s classical LIL,
under (7) we have

lim su 5()
o0 P (2t loglog t)1/?

A much more refined result was proved by Feller [44] who showed that if (8) holds

=1 as. (9)

then for any positive nondecreasing function ¢(t), t > 0, we have

P {S(t) < Vtp(t) eventually} =1lor0 (10)
according as .
/1 @exp(—gﬁ(t)/z) dt < 00 or = oc. (11)

As noted earlier, the boundedness conditions (7) and (8) in the above results are
sharp. If the X,, are i.i.d., then the LIL (9) holds provided EX; = 0, EX? = 1
(Hartman and Wintner [54]), but the situation with the integral test (10)-(11) is
different. As Feller [45] showed, for an i.i.d. sequence (X)) the test (10)—(11) holds
iff BX, =0, EX? =1 and

EX{I{|Xi1| >t} = O ((loglogt)™") (t — o). (12)
In particular, this is the case if
EX3(loglog |X;|) < oo. (13)

In terms of moment conditions, the last condition is also best possible.
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Feller’s results lie very deep and the proofs make an essential use of the independence
of (X,). Using an almost sure invariance principle, Strassen [103] was the first to
prove upper-lower class results for martingales. Specifically, he proved that if (X,,) is

a martingale difference sequence with finite variances and
so=> BIXPIXi,... X4 > o0 as. (14)
k=1
then the test (10)—(11) holds provided
Z s 2(log s)* E[XFI{| Xx| > sx(logsp) "} X1, ..., Xp_1] <00 as.
k=1

In particular, this is the case if
|X,| = o(s,,/(log 5,)°) a.s.

(Note that in the martingale case s? is defined differently than in the case of inde-
pendent r.v.’s: it means the sum in (14), the ”clock” of the process.) Strassen’s con-
ditions are far from optimal and his results were improved gradually by Jain, Jogdeo
and Stout [65], Philipp and Stout [91] and Einmahl and Mason [38]. Specifically,
Einmahl and Mason proved that the test (10)—(11) holds under Feller’s condition (8),
which is therefore an optimal condition. Much less is known for unbounded martin-
gale difference sequences. Various criteria are given in Jain, Jogdeo and Stout [65]
and Philipp and Stout [91], but they are substantially more restrictive than Feller’s
classical conditions in the independent case. In Chapter 5 of our dissertation we will
give a set of sufficient conditions for (10)—(11) which not only improves earlier results
in the field, but it is optimal. In particular, our criteria imply that in the stationary
ergodic case Feller’s condition (13) suffices for the test (10)—(11), establishing a long
open conjecture for martingales. As we will show in a subsequent paper, our results

lead to optimal upper-lower class results for weighted i.i.d. sequences as well.



Chapter 1

Some classical results of luctuation
theory

For the convenience of the reader we shall review a number of important limit the-
orems for partial sums of independent random variables. Some of them have been
already mentioned in the introduction and the purpose of the present chapter is to

give a compact overview.

1.1 The law of the iterated logarithm and its re-
finements

Let X1, Xs,... be independent random variables and S,, = X7 + --- + X,,. If the X},
are i.i.d. with zero expectation, we get by the law of large numbers that n=1S, — 0.
The last relation is far from optimal if we assume the existence of higher moments. If
E|X;|P < oo with p € (0,2), it follows from the Marcinkiewicz-Zygmund law of large
numbers (cf. [29, p. 122]), that n~/7S,, — 0 (provided EX; = 0 for p > 1). The law
of the iterated logarithm (LIL) gives the precise speed of growth of the partial sums
process (S,).

Theorem A1l. (Hartman and Wintner [54]). Assume that (X) is an i.i.d. sequence

11
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with EX; =0 and EX? = 1. Then

limsup (2nloglogn)™2S, =1 as.

n—oo

Conversely (Strassen [102]), if EX? = oo then limsup (2nloglogn)~'/25, = oo

a.s.

Assume now that X} are not necessarily identically distributed and set s? = Var S,
where S,, = X; + -+ + X,,. The following theorem for bounded random variables is

due to Kolmogorov.

Theorem A2. (Kolmogorov’s law of the iterated logarithm [67]). Let (Xj) be a
sequence of independent random variables with zero mean and finite variances such
that s2 — oo. If we assume that | X;| < My, a.s. and that

Mj, = o(s/(loglog 57)'/?), (1.1)

then .
lim sup (252 log log s2) =1/ ZXk =1 as. (1.2)

" k=1

Conversely (Marzinkiewicz and Zygmund [79]), the LIL may fail if o in (1.1) is
replaced by O.

Note that the LIL is equivalent to

0 ifa>2;

P(S, > s,(aloglogs,)/?1.0.) =
1 ifa<?2.

Using a terminology introduced by P. Lévy, a function ¢(¢) belongs to the upper
class U if S, > spp(s,) occurs only for finitely many n with probability one and
it belongs to the lower class L if S,, > s,¢(s,) occurs for infinitely many n a.s. By
the 0-1 law, every function ¢ belongs to the upper or lower class. By the LIL (1.2),
bua(t) = (aloglogt)/? € U if a > 2 and ¢, € L if @ < 2. Whether ¢, belongs to
U or L is not determined by (1.2) and thus an upper-lower class test is a refinement

of the LIL. In case of Rademacher r.v.’s a precise characterization of the upper and
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lower classes has been given by Erdds [41] in form of an integral test. He showed that

a non-decreasing function ¢ belongs U (resp. L) iff

1o = [* 2 (-2 de <0 (= o).

This famous criterion is called the Kolmogorov-Erdds-Feller-Petrovsky (KEFP) test.

The following classical results are due to W. Feller.

Theorem A3. (Feller [45]). Let (Xi) be an i.i.d. sequence with EX; = 0 and
EX? =1. Then the KEFP integral test holds provided
EXTI{|Xi1| >t} = O ((loglogt)™") (t — o0).

The statement becomes false if EX; =0 and EX? =1 and

(loglogt) EX?1{|X,| >t} — oc.

Theorem A4. (Feller [44]). Let (Xi) be a sequence of independent r.v.’s with zero

mean and finite variances, such that s, — oo and
| Xy < Kpns,/(loglogs2)3?  with K, = O(1). (1.3)

Then the KEFP test holds. Condition (1.8) is sharp in the sense that if K, — oo
then in general the KEFP test is no longer true.

1.2 Weak invariance principles

Erdés and Kac [42] developed a new method to study the distributional behavior of
the process {S,, n > 1}, where S,, = X; +--- + X,, is a sum of independent r.v’s. In
order to obtain the asymptotics of certain functionals of the path {S,, n > 1} (like
max{Sy : 1 < k < n} or Y ,_, S7), they used an invariance principle. They first
derived the desired limit relations for a special choice of the underlying process (Xx)
and showed afterwards that this limit does not depend on the law of Xy, i.e. it is

invariant under changing the law of Xj.
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Donsker [36] gave a more general form of the Erdés-Kac invariance principle. To
state his theorem, we need some notations and we recall the basic definition of weak
convergence in a metric space. We denote by (€2, A, P) the probability space on which
the process (X,,) is defined. The space of continuous functions on the unit interval
equipped with the uniform metric will be denoted by C[0, 1]. If C denotes the Borel
o-algebra on C|0, 1], then the functions W, : Q@ — [0, 1] defined by

Walt) = = (St + (0t = () Xi1). (14)

are (A,C) measurable, i.e. they are random elements in C'. Convergence in distri-
bution of W, is characterized via the weak convergence of the induced probability
measures P o W, 1. We write W, —%, W. Remember that weak convergence of a

sequence of probability measures (@Q,,) on the Borel sets S of some metric space S is
defined as

[riu= [ 1da (o),
S S
for all bounded and continuous functions f.

Theorem A5. (Donsker’s invariance principle [36]). Let X, Xo, ... be i.i.d. random
variables with EX; = 0 and EX? =1 and let S, = X1 + --- + X,,. Define W,(t) as
in (1.4). Then we have

W, —4 W, (1.5)

where W = {W (t),t € [0,1]} is a standard Brownian motion process.

Relation (1.5) is also called functional central limit theorem (FCLT). For the proof
of Theorem A5 and for a detailed discussion on the weak convergence of random

elements in metric spaces we refer to Billingsley [19].

The assumption of the identical distribution of the X,, in Theorem A5 can be easily
dropped. Let (X,,) be a sequence of r.v.’s with EX; = 0 and EX}? =: 0} < oo. Set
S, =X;+ -+ X, and s2 = ES?. Define, with a natural modification of (1.4),

1

Sn

Wa(t)

Then we have
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Threorem A6. (Prohorov). Assume that X, X, ... are independent random vari-

ables with zero mean and finite variances. If

lim — / X?dP =0, (1.6)
Z {IXk[>esk}
then W, ow.

Condition (1.6) is the classical Lindeberg condition. It is satisfied e.g. if F|X},|**? < oo
(k=1,2,...) for some 6 > 0 and

1 n
5240 ZE|Xk‘2+§ — 0,
no k=1

i.e. under Ljapunov’s condition.

Note that a sequence of random elements (R,) on some metric space M converges in
distribution to some random element R if and only if h(R,,) 4, h(R) for every real
valued and continuous function h on M (cf. [47, Theorem 8.2.3]). Since the function

m : C[0,1] = R, x — z(1) is continuous, we have under the conditions of Theorems
A5-A6, m(W,) =S,/sn 2, m (W) =W(1), i.e. the central limit theorem holds.

Sometimes it is more convenient to consider
Wé(t) = S[nt]/sn

instead of W,,(¢). In this case W/ is an element of D|0, 1], the space of right-continuous
functions on [0, 1] which have a left-hand limit and which is equipped with the Sko-
rokhod metric. Under the conditions of Theorems A5-A6 we have W), LW, Espe-
cially for the investigation of empirical distribution functions, it is more convenient

to consider the space D[0, 1] which allows jumps.

Theorem A7. (Invariance principle for the empirical process). Let Uy, Us, . .. be i.i.d.

uniformly distributed r.v.’s on (0,1) and consider the empirical distribution functions

n

R, (s) =n~%/? Z(I{Uk < st —s).

k=1

Then (R,) is a sequence of random elements in D[0, 1] and R, —L. B, where {B(s),0 <
s < 1} is a Brownian Bridge (B(t) = W(t) —tW(1)).
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For the proof see e.g. [47, p. 386].

1.3 Strong invariance principles

A completely different approach to the study of the fluctuations of independent ran-
dom variables was developed by Strassen [101]. His idea was to redefine the partial
sum process {Sg, k > 0} on a new probability space together with a Wiener process
{W(t), t > 0}, such that

|S, — W(n)| =o(g(n)) as. (n— o) (1.7)

for a suitable g(n), depending on the moment behavior of the underlying sequence

(X,). Specifically, he proved the following theorem:

Theorem AS8. (Strassen’s invariance principle [101]). Let X1, Xo,... be i.i.d. ran-
dom variables with EX,; = 0, EX? = 1. Then we can construct an i.i.d. sequence
Xl,Xg, .. with X, 2 X1 on a new probability space together with a Wiener process
{W(t),t > 0} such that

1S, — W(n)| = o(y/nloglogn) a.s., (1.8)
where Sn:ffl—i----—i-f(n.

The basic tool Strassen used to prove Theorem A8 is Skorokhod embedding. By a
remarkable result of Skorokhod, under the assumptions of Theorem A8 there exists,
on a suitable probability space, a Wiener process {W(t),t > 0} and a sequence
of stopping times Ty = 0,73, T5,... such that ET,, = n, T, — T,,_; are i.i.d. and
{W(T,),n > 1} Sl {S,,n > 1}. Thus setting S, = W(T,) and observing that by the
law of large numbers T, ~ n a.s., S, will be close, in some sense, to W (n). It is
important to note that Theorem A8 does not contain Donsker’s invariance principle,

due to the loglog factor in (1.8). However, if we could show that
1S, — W(n)| = o(v/n) as. (1.9)

then Donsker’s theorem would follow. Assuming only the existence of finite second
moments, Major [75] showed that the rate o(y/nloglogn) in (1.7) cannot be improved.
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A better rate in (1.8) can be obtained if we assume more than the existence of finite
second moments. Profound results in this direction were proved by Komlds, Major
and Tusnédy. In particular, Major [76] proved that under F|X;|P < 400, p > 2 the
approximation (1.7) holds with g(n) = n'/P. On the other hand Breiman [24] showed
that this rate is best possible. We refer to Csorgé and Révész [31] for an elaborate

treatment of further strong approximation results for sums of i.i.d. random variables.

Theorem A9. (Philipp and Stout [91]). Let (Xi) be a sequence of independent,
bounded random variables with zero mean. Put S, = X1+ -+ + X}, s% = Var S}, and
define the function {S(t), t > 0} by

St)=S if si<t<si, (k=0,1,...).
Further let f be a non-increasing differentiable function such that for all x > x

1/logx < f(x) <1073
f(x)z(loglogz)~™V% 7. g(z) :=logz/f(x) /oo with g (x) bounded.

If we assume that
1 X,| < fsn)sn(loglog s,) ™12,

then we can redefine the sequence X1, Xa, ... on a new probability space together with
a Wiener process {W(t),t > 0} such that

1S(t) — W ()| < 10°(f(t)tloglogt)V/?  for all t > t,.

In contrast to Donsker’s invariance principle providing information on the distribu-
tional behavior of the process { S, k > 0}, Strassen’s invariance principle can be used
to derive strong limit theorems for {Sk, k > 0} as well. For example, it is relatively

easy to prove the LIL

1
limsup ————=W(n)=1 as.

n—oo /2nloglogn

for the Wiener process. Using the last relation and Theorem A8, the Hartman-
Wintner LIL follows immediately. Furthermore, by Theorem A9, Kolmogorov’s

condition (1.1) implies an error term o((tloglogt)'/?) in the Wiener approximation.
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This implies immediately Theorem A2. Actually, even the more refined KEFP integral
test of the preceding section can be deduced directly from Wiener fluctuation theory

using strong approximation results. For example, it is well known that
1S(t) — W(t)| < Kt'/?(loglogt)™'? as. (t— o0)

for some constant K implies that the KEFP integral test holds for the sequence .S,,.
Later on we shall need the following result due to Sakhanenko, which is a partial
improvement of Theorem A9. In view of the previous remarks, it implies that the

KEFP integral test holds for bounded sequences satisfying (1.10) below.

Theorem A10. (Sakhanenko [95]). Assume that X1, X, ... satisfy the conditions of
Theorem A9 and
1 X,| < ensn(loglog s,) ™32 (1.10)

with some real numbers €, — 0. Then the conclusion of Theorem A9 holds with an

error term o(t'/?(loglogt)~1/?).



Chapter 2

Critical behavior in almost sure
central limit theory

2.1 Introduction and results

Let X1, Xy, ... be ii.d. random variables with EX; = 0, EX? = 1 and let S}, =
X1+ -+ Xk. The simplest version of the almost sure central limit theorem (ASCLT)
states that

N @

A}i_r}nm@ ; % I {% < a:} = (2m)"1/2 /_oo e /2 dt a.s. (2.1)
for every fixed = € R. This result was proved by Brosamler [25] and Schatte [96] under
some additional moment conditions and by Fisher [46] and Lacey and Philipp [69]
assuming only finite variances. (Actually, (2.1) was known to Lévy [71, p. 270] but
he did not specify conditions and gave no proof.) In recent years, many authors
investigated limit theorems of this type and several variants and extensions of (2.1)
have been obtained. We refer to Atlagh and Weber [4] and Berkes [8] for surveys of
the field.

A characteristic feature of the theory is the use of logarithmic averages in (2.1), and
from the arc sine law it follows that with ordinary averages relation (2.1) fails even

for x = 0. Why logarithmic averages work here is best seen from the Wiener analogue

19
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of (2.1), i.e.

N T
lim ;/ 1I W) <zpdt=(2m)71? / e 2 dt a.s. for all .
N—ocolog N J; 1 Vi —00

After the transformation ¢t = e* this reduces to the ergodic theorem for the Ornstein-
Uhlenbeck process e™*/2W (e*). Via a strong approximation argument, this also
proves the a.s. central limit theorem (2.1) under moment conditions only slightly
stronger than FX? < co. Despite the simplicity of this argument, it is important to
note that logarithmic summation is not the only possible summation that leads to

a.s. convergence to ®(z) in (2.1). Peligrad and Révész [86] showed that

N
) 1 Sk }

lim — S a2k <2l — 2.2
o gy Sl { g < of =0 s 2

holds if
log k)® S
dk:<ogk) L D= d  (a>-1) (2.3)
k=1
and Berkes and Csaki [9] showed that (2.2) holds even if
1 [0
dkzngk)) 0<a<1/2). (2.4)

For summation methods in a.s. limit theory which are different from log-summation
we also refer to Becker-Kern [7] and Weber [109]. In Hérmann [60] we proved that
the summation defined in (2.4) works for any a € [0,1). In [9] it is also observed
that (2.2) is valid for any d, < 1/k with Y dy = oco. Thus the weight sequence
dr = 1/k plays no special role in (2.2); it is one in a large class of possible weight
sequences, and several smaller and larger sequences work equally well. To understand
this phenomenon better, let us recall some results from classical summability theory.
Given a positive sequence D = (dy) with D,, = >} _, dj, — 00, we say that a sequence
(x,) is D-summable to x if

lim D' dyy, = .

n—00
k=1

By a result of Hardy (see [27, p. 35]), if D and D* are summation procedures with

D} = O(D,,), then under minor technical assumptions, the summation D* is stronger
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than D, i.e. if a sequence (x,) is D-summable to x, then it is also D*-summable to
x. Moreover, by a result of Zygmund (see [27, p. 35]) if DY < D < DP (n > no)
for some a > 0,3 > 0, then D and D* are equivalent, and if D} = O(D;) for every
e > 0, then D* is strictly stronger than D. For example, logarithmic summation,
defined by d,, = 1/n is stronger than ordinary (Cesaro) summation defined by d,, =1
and weaker than loglog summation defined by d,, = 1/(nlogn). On the other hand,

all summation methods defined by
d, = (logn)*/n, a>—1

are equivalent to logarithmic summation and all summation methods defined by

«

dy,=n% a>-—1

are equivalent to Cesaro summation. These remarks show that relation (2.2) with
the sequence in (2.3) is, despite their formal difference, actually equivalent to the
case d = 1/k and show also that the sequences in (2.4) define summation procedures
which are pairwise nonequivalent and also nonequivalent with logarithmic averaging.
The result of Hardy also shows that by increasing the weight sequence (d,,) in (2.2),
the result becomes stronger. Thus the strongest, "true” form of the a.s. central limit
theorem is the one with the largest weight sequence (dj). This weight sequence (dy,) is
unknown and its determination will be the objective of the present chapter. We will
also study the optimal weight sequences (dj) in refined versions of (2.2), for example
in the CLT and LIL corresponding to the strong law (2.2). Our main result will show
that, under certain regularity conditions on (dy), relation (2.2) and the corresponding
CLT and LIL hold provided

=0 (g regr) 25)

for @ > 3 and this becomes false if & < 1. Here and in the sequel we write loglog x
for log(max{logx,e}). Thus the optimal weight condition for (2.2) and the corre-
sponding CLT and LIL is relation (2.5) with some 1 < o < 3, whose value remains
unknown. Condition (2.5) is an asymptotic negligibility condition resembling Kol-

mogorov’s classical condition for the LIL, except the factor n in the denominator on
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the right hand side, which is due to the strong dependence of the sequence (S, /v/n)
and which forces the summation D,, to grow considerably slower than the norming
sequence in the classical LIL for independent r.v.’s. (Note that a similar effect of
strong dependence leads to unusual coefficients in the LIL for lacunary trigonometric
series, see Takahashi [105].) In terms of the norming factor D,,, our results show that
(2.2) and the corresponding CLT and LIL are valid if

D,, = exp(logn/(loglogn)®)

for > 3, but not if @ < 1. Recalling that D,, = logn resp. D,, = n = exp(logn) cor-
respond to logarithmic, resp. Cesaro averaging, the last relation shows the surprising
fact that the critical weight sequence in the ASCLT is, in some sense, much closer to
Cesaro than to logarithmic averaging. Thus, despite the prominent role log averaging

plays in a.s. central limit theory, its true significance is secondary.

Incidentally, the methods of our paper will also lead to optimal conditions for the
”stochastic” version of the ASCLT, i.e. when we require relation (2.2) in probability.
Theorem 2.5 at the end of this section will show that the stochastic ASCLT holds if

d, =o0(Dy,/n). (2.6)

Replacing o by O in (2.6), the result becomes false, as the example d,, = 1 shows.
Relation (2.6) holds e.g. if
D,, = exp(logn/w(n)) (2.7)

where w(n) — oo, logn/w(n) / oo and w(n) satisfies mild regularity conditions. By
Zygmund’s theorem quoted above, the summation method defined by (2.7) is stronger
than Cesaro summation (corresponding to w(n) = 1) and conversely, any summation
method stronger than Cesaro summation and satisfying suitable regularity conditions
has the above representation. Thus if we are interested in convergence in probability

in (2.2), the summation method can be pushed arbitrary close to Cesaro summation.

We turn now to formulating our results in detail. In order to specify regularity
conditions for the summation procedure D, recall first that for each ¢ > 0, the

sequence D,, = n° defines a summation equivalent to Cesaro summation, and hence
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this D, is already too large for (2.2). Thus without losing much generality, we can
assume that D,, = O(n®) for each € > 0. All slowly varying sequences D,, satisfy this
condition and confining our attention to this class will not put additional restrictions
on the speed of growth of D,, since for every sequence D,, satisfying D,, = O(n°)
for all € > 0 there exists a slowly varying D! such that D,, = o(D}) for n — oo
(cf. Bingham et al. [10, Theorem 2.3.6]). Hence in searching for the largest possible
norming sequence D,, in ASCLT theory, we may assume that D,, is slowly varying.

By the theory of regular variation, D,, can be represented in the form

D, = ¢y exp ( / " e(w)u du) (n> A), (2.8)

A

where A > 0, ¢, — ¢ € (0,00), and e(x) — 0 for x — oo. Our final technical
assumption on D, will require that ¢, = 1, € is non-increasing, slowly varying and
obeys the condition

e(x)/e(2®) = O(1) (x — 00). (2.9)

These conditions are stronger than necessary and could be easily weakened, but they
will simplify our calculations considerably, and, as before, put no extra restrictions
on the speed of growth of D,,. Regarding (2.9), note that e(x) must tend to 0 very
slowly in order that D,, — co. E.g., e(z) = (logz)~0* 5 > 0 implies already that
the exponent in (2.8) is bounded. However, this (x) still satisfies (2.9). For the same
reason, the assumption of slow variation of € imposes only a regularity condition for

e(z), but it puts no restriction on its speed of decrease.

The previously discussed technical conditions are summarized in the following

Definition. A summation method D belongs to the class W if D,, — oo and

D, = exp ( /A " e(u) du> (n > A), (2.10)

where () is non-increasing, slowly varying, tends to 0 for z — oo, and satisfies (2.9).

From the mean value theorem it follows that
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(@, ~ b, means that a,/b, — 1) and thus d, = L(n)/n where L is slowly varying.

We mention a few examples.

(a) Dy = (logN)? 7> 0;
(b) Dy =exp((log N)?)) 0< B < 1;

(c) Dy = exp(log N/(loglog N)*) «a > 0.

Let £ denote the class of bounded Lipschitz 1 functions on R. By a standard ob-
servation in a.s. central limit theory (see e.g. Lacey and Philipp [69]), relation (2.2)

follows if
1 o
lim — d — :/ t)dd(t) a.s. 2.11
tm oSt () = [ stoasts 2.1)
for every f € L. For this reason, we will work in our paper with the version of the

ASCLT of the type (2.11).

We are ready now to formulate our results. In the sequel A(B) denotes the Lebesgue
measure of some Borel set B. Finally we allude once more to the notation loglogx =

log(max{log z, e}).

Theorem 2.1. Let X1, X,,... be i.i.d. random wvariables satisfying EX; = 0 and
EX?=1and put S, = X, + -+ X,,. Assume that D € W, the relation

Dy,
d, = - 2.12
=0 (k(loglog k)a) (212)
holds for some a > 3 and
kdy, is non-decreasing. (2.13)

Then we have for every f € L or f an indicator function of a Borel set A with

A(DA) =0 i}
&@OODLN;@ <f (%) — Ef (%)) =0 as. (2.14)
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Theorem 2.2. Let Xy, X,,... be i.i.d. random variables satisfying EX; = 0 and
EX? =1 and put S, = X1 + -+ X,,. Assume that D € W, (2.12) holds for some
a>1 and

lilgr_lglf kdy > 0. (2.15)

Then we have for every non-constant f € L

Ajpl/?édk (f (%) — Bf (%)) LN, (2.16)

Ay := Var (Z dif (%)) (N >1), (2.17)

k=1

where

and N is a standard normal r.v.

Both relations (2.13) and (2.15) imply that dy > C/k. In Theorem 2.1 this is indeed
the interesting case, since relation (2.14) is known to hold for all d, < 1/k with
> dr = oo, see Berkes and Cséki [9]. Regarding Theorem 2.2, we will show in
Lemma 2.4 and Lemma 2.5 that if D € W, then the order of magnitude of Ay
is S kd?. Hence (2.15) implies that Ay — oo. Without (2.15), Theorem 2.2
fails: for example, if d = k~!(logk)™® with 1/2 < a < 1 (which is in W), then

limsupy Ay < oo and thus the sum in (2.16) remains bounded in probability.

In the case Dy = log N Theorem 2.2 was proved by Berkes and Horvath [14]. More-
over, the conditions of Theorem 2.2 are satisfied in Example (a) if v > 1, in Example
(b) for all 0 < § < 1 and in Example (c) if a > 1.

Theorem 2.3. Let X1, X5,... be i.i.d. random wvariables satisfying EX; = 0 and
EX? =1and put S, = X1+ -+ X,,. Let \y (N > 1) be defined as in (2.17).
Assume that D € W satisfies (2.15) and relation (2.12) holds for some o > 3. Then

we have for every non-constant f € L

al S S
‘ ~1/2 2: 2k 2EY) =
th\?jolip (2Anloglog Ay) 2 dg <f (\/E) Ef (\/E)) 1 as. (2.18)
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The conditions of Theorem 2.3 are satisfied in Example (a) if v > 1, in Example (b)
for all 0 < 8 < 1 and in Example (c) if o > 3.

Our theorems show that under regularity assumptions on D, the strong law (2.14), the
CLT (2.16) and the LIL (2.18) are all valid provided the Kolmogorov type condition
(2.12) holds for a > 3. The next theorem shows that except for the numerical value

of a, condition (2.12) is sharp.

Theorem 2.4. For every 0 < a < 1 there exists a summation procedure D € W
satisfying (2.12) and (2.13) such that the LIL (2.18) fails.

In fact, this is the case if D is defined by
Dy = exp(log N/(loglog N)). (2.19)

Thus the sequence (2.19) is critical in the theory: for a > 3 it implies all of (2.14),
(2.16), (2.18) and this becomes false if a« < 1. What happens for 1 < a < 3 remains

open.

By Hardy’s minoration principle, if (2.2) holds with a weight sequence (dy), then,
under certain regularity conditions, it will also hold for all smaller weight sequences
(d}). Hardy assumed that D} = ¢(D,), where ¥(z) < z is an elementary function
composed of rational, exponential and logarithmic functions. A much larger class of
Y’s was constructed by Hirst [27, p. 37]. It seems likely that for sequences dy > 1/k
an analogous minoration principle holds for the CLT (2.16) and the LIL (2.18), but
this remains open. As the remarks after Theorem 2.2 show, without dj, > 1/k this

minoration principle is not valid.

Our final result gives a sharp condition for relation (2.14) to hold in probability.

Theorem 2.5. Let X1, Xs,... be w.i.d. random wvariables satisfying EX; = 0 and
EX? =1 and put S,, = X; + -+ X,,. Assume that

d, =0(Dy,/n). (2.20)

Then we have for every f € L or f an indicator function of a Borel set A with
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AOA) =0

1 & Si Sk . .
D de (f <ﬁ> — Ef (ﬁ)) — 0 in probability.

k=1

If o in (2.20) is replaced with O the proposition fails.

In comparison to (2.12) we can omit the the extra factor (loglogn)® in the denom-
inator for the stochastic version of the ASCLT. As the example d,, = 1 (Ceséro
summation) shows, we cannot replace o with O in (2.20). For example relation (2.20)

holds for
D,, = exp(logn/w(n))

if w(x) is some differentiable function satisfying w(z) — oo (in order that D,, is not
equivalent to Cesdro averaging) and logx/w(xz) ,/ oo (in order that D, defines a

summation method) and
zw'(z) Jw(z) = O ((logz) ™). (2.21)

The last condition is satisfied e.g. if w(z) =log, = (k = 2,3,...) where log,, denotes
k times iterated logarithm. It is also easy to see that (2.21) permits arbitrary slow

increase of w.

2.2 Auxiliary lemmas

Lyapunov’s classical CLT condition or Kolmogorov’s condition for the LIL provide
the corresponding limit theorems in terms of specific moment assumptions. Via a
blocking technique the proofs of our theorems will make use of these results. Hence
an accurate study of the variances respectively higher moments of the processes under
investigation is important. The core of this section are Lemma 2.4 and Lemma 2.5.
Lemma 2.3 and Lemma 2.4 will be needed in a more general form in Chapter 3.
Therefore the proofs will follow in this Chapter. In what follows, let f be a bounded
Lipschitz 1 function on R; without loss of generality we assume [f| < 1. All the



28

constants occurring in the following lemmas may depend on f, D and the sequence
X1, Xs,...; we will make no mention of this fact in the sequel. Constants like C),

C(g), etc. may depend also on the parameters indicated. The relation a, < b, will
mean |a,/b,| = O(1).

Lemma 2.1. Assume f € L. Then there is a constant C' such that for all 1 <k <1

(o5 (=)

Lemma 2.1 is a standard tool in a.s. central limit theory. For completeness, we give

the short proof. Clearly

(o5 (3) o0 (5)(3) 1 (52)

Hence the the Lipschitz continuity of f, |f| < 1 and the Cauchy-Schwarz inequality

o (1) ()]
PEl< oy /= (2.22)

cals () 1 (352 scul3 <

Lemma 2.2. Let f € L, f non-constant. Then there exist an integer m > 1, a real

give

Sk k

¢ >0 and for every e > 0 an A = A(e) such that

m/2
Cov(f(%),f(%))Ec(%) for A<k<l, Kk/l>¥™.

Proof. Consider a Wiener process {W;,t > 0}. From Rozanov [93, 182 f.] we get

Cov <f (%)f(%)) = 3 S—Vla,% (1<k<I), (2.23)

where «, are the coefficients of the Hermite expansion of g := f — Ef(W)), i.e.

gl@) = >t (),

v=1

v=1

ar 2
HI/ — (—1) z2/2 Y —x?2/2
(@) = (1)
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and p = \/k/l is the correlation between Wy, /vk and W;/v/1 for k < 1. Since we
exclude the trivial case where f is constant, there is a v > 1 such that a2 > 0. Let

m be the smallest of these integers. By (2.23) there exists a ¢; > 0 such that

cov (£ (V) 1 () 2 (?)m/ G<k<n. (229

To estimate the covariance in the general case we use an invariance principle of Ma-
jor [77] which implies that we can define X, X5, ... on a new probability space to-
gether with a Wiener process {W;, ¢ > 0} such that

(S, — W) /v/n == 0.

w15 (3): -5 ()

Since f is a bounded Lipschitz function, it is easy to see that

Set

|chy — ckal — 0 for min{k,l} — oo.
Hence for every € > 0 there is an A = A(e) such that
ek, — c*,;l| <e? for min{k,(} > A. (2.25)

By (2.24) we have
cry > cie if k/l > g2m 1 <k<l,

and together with (2.25) and again (2.24) this yields

L m/2
Chi = Chy (1—5) > (c; —¢) (—) if k/l>e¥™ A<k<I

C1 {
Since we may assume that € < ¢;/2 this proves the assertion.

To simplify the notation, in the sequel we will write for 1 <k <1

() (3) e en(552) o (55)
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Lemma 2.3. If k < m < n and (d;) is an arbitrary sequence of positive numbers,

then we have for every p € N

P n p/2
< Ey(k/m)"? (Z Zdﬁ) ,
l=m

E> di(& — &)
l=m
where
E, = const - 47 (2p)P/?.
Proof. See the proof of Lemma 3.1. n

Lemma 2.4. Let D = (di) be a summation method with dy, = L(k)/k, k> 1, where
L(k) > 1 and L(k) is slowly varying at infinity. Then for every f € L and every

(¢ () - (%))

where C, > 0 is a constant.

p€eN

E

p n p/2
<G, (Z kdi) : (2.26)
k=m

Proof. See the proof of Lemma 3.2. O]

Lemma 2.5. Let D = (di) be a summation method with d, = L(k)/k, k > 1, where
L(k) > 1 and L(k) is slowly varying at infinity. Then for every non-constant f € L

Var (i di.f (%)) > ikd,f. (2.27)

Proof. Let 0 < € < 1 to be chosen later and A(¢) and m the same as in Lemma 2.2.

we have

Set = ™. Clearly it suffices to prove Lemma 2.5 with the summations in (2.27)

started with £ = A instead of £k = 1. Now

Var (z " (%))

= > AEE+2 Y ddiBGG+2 Y didiE&S
A<k<N A<i<k<N A<i<k<N
- = i/k<é i/k>6

= SW 4+ 5@ 456,
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Clearly Y 77 | d? < oo, and since the & are uniformly bounded, it follows that S =

O(1). Note that for a slowly varying function L we have

ZL ~ —1L(N)NP+1 it p>—1,

(2.28)

(see e.g. [20, Corollary 1.7.3]). From dy = L(k)/k with a slowly varying L we get by

(2.28) and the definition of slow variation that for every v > 0
> di ~ —L(ék:)(ék) ~ —mL(k)m (k — 00).
1<i<ék v

Hence for k > ko(d) we have

5 1m+ld Z dﬂ<m kﬂ“d

1<i<dk
By Lemma 2.1 and (2.29) we get

.\ 1/2
SO < 20 > didy, (%) =20 Y dpk7V? D dii'?

lg_i/iIZEN 1<k<N 1<i<ok
< 20 ) kD did'? 8062 Y kdy
1<k<ko 1<i<dk 1<k<N

= 806 Y kdj + Ry,

1<k<N
where Ry = Ry(0). Similarly we get from (2.29)

m/2 4
> ddk( ) g#m/? > kd}+ Ry

1<i<k<N 1<k<N
i/k<é
and
i m/2 1 N
S didy (E) > LS ki Ry,
A<i<k<N k=1

where Ry, R3 > 0 depend on §. Now Lemma 2.2 gives

m/2
) > 92 Z ddk< )

A<i<k<N
i/k>6

i m/2 i m/2
> 2 Z d;d,, (E) - Z d;d,, (E)

1<i<k<N
i/k<é

(2.29)

(2.30)

(2.31)
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Note finally that L(k) > 1 implies 3, ., kdj = co. Choosing ¢ small will also make
§ small, and thus combining the estimate for S® with (2.30)-(2.31) and using the

estimates for S, S® proves the lemma. O

Lemma 2.6. Let D be a summation method with dy = O(1). If for some a > 0

Dy
dy = I
v=0 (N(loglog N)a) ’

it follows that

D N
log = <« (loglog M)~*log — (My <M < N).
Dy M

Proof. From Dy — oo and dy = O(1) we conclude that Dyy1/Dy — 1 and

Dy dy 1
1 .
%D, <D S kloglogh)
Hence Y0, log Df)—:l < (loglog M)~ 37300 1. -
2.3 Proofs

The method to prove our theorems is based on a blocking technique. We partition N
into disjoint blocks: N = A; U By U Ay U By U..., where

Ay ={2%+1,...,29} and B;={2%41,...,29} (j>1).
We set gy = 1 and for some 7 > 0 (to be chosen later) define the exponents as
Py=qi-1, ¢, =p;+[12logj), p;=d,, ¢ =p;+[12(logj)"""].

Obviously the length of the blocks B; will grow much faster than the length of A;
and the block A; precedes B; on the real line. Set

M;=20, N;=2%, M| =2% N/=2% (j>1).
Recalling the definition of §; and &;; we define now

Zi= Y d&,  Zyi= ) dibn e (521),

kEB; ke B;
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Ri:=> &, Ry =D dily .k (G>1)

kEAj kEAj

To visualize this, the sum Z; is

3G - ()

and Z7 is obtained from Z; by replacing Sy in the previous sum by Sy — Sn;_,,
so that Z; involves only Xj’s with N;_; < k£ < N,. It follows that the Z: are
independent random variables which we will use as approximations for the original
random variables Z;. Similarly, the R} are independent r.v.’s. We will call the Z;
and Z7 ‘long block sums’, R; and R} ‘short block sums’. We stress again that the
short block sum R; precedes the long block sum Z; on the real line. In a first step
we derive limit theorems for the sequences (Z7) and (R}) via classical theorems for
independent random variables. We will see that the contribution of the R; and the
error we make by replacing Z; by Z7 will be small, so that our results carry over to

the sequence (Z; + R;). Observing that

n

Baen-Sa((S) w(3) e

J=1

shows that the desired results hold along the subsequence (N;). In order to permit
fast growing summation methods D, and to provide that the limit relations hold
along the subsequence (NN;), we had to choose "large” blocks. However, in a final step
we have to control the fluctuation between the subsequence (NN;), which forces us to
use “smaller” blocks. Hence in this stage of the proof the key for optimal results lies

in an optimal choice of the block lengthes.
In order to give upper bounds for the moments of Z;, Z¥, R; and R} we introduce
the notation
V; =Vy(D):= > kd} and U;=U;(D):= > kd;. (2.33)
keB; keA;

For p € N we get immediately from Lemma 2.3 and Lemma 2.4
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* e 2
B|Z;— Z;]P < 20 mIPE VIR (2.34)
E|R; — R < 2@-)PEyr? '

and
|zl <GV and EIR;P < G,U. (2:35)

Proof of Theorem 2.2. From Lyapunov’s theorem (cf. Petrov [88, Theorem 4.9]) it
follows that the sequence (ZF) obeys the CLT if we show that

* |4
21 B 7]
2 *
var? (Y1, Z; )
Hence we need estimates for the expectation of the perturbed random variables

(351 Z7)? and Y77 (Z5)*. A look at (2.34) and (2.35) makes it evident that we
have to study the order of magnitude of U; and V; given in (2.33). In order to handle

(2.36)

this issue we use the the representation of D,, in (2.10). It implies that

m

ki ka2 = / " exp <2 /A ") u du) 2()fwdr (mon — o). (2.37)

(For numerical sequences (a,,) and (b,) let a, < b, mean a,, < b, and b,, < a,.) The

monotonicity of the terms in the integrand of (2.37) and condition (2.9) yield
N x
U; < / exp (2/ e(u)/u du) &*(x)/z dr < *(M]) DR, log j,
M} A !

where we used

N;
/ 1/zdx ~ 12log j.

!
M;

Similarly we get
V, > £(N,)D}, (log )"
A simple calculation shows that

pj~ g ~ Py~ q; ~ 12j(log j) 7, (2.38)
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and thus condition (2.9) implies that the ratio e(M)/e(N;) remains bounded for
j — oc and since N = M this shows that U;/V; — 0. By condition (2.15) we clearly
have Z?Zl V; — oo and hence we obtain from the Minkowski inequality, Lemma 2.4,

the independence of R} and (2.34)-(2.35)
522, [ S5 mal,| < |35 - @+ ),
j=1 j=1 j=1
<|Xml Xz -], -
j=1 j=1 =1
<(Su) o ((S)).
j=1 j=1 j=1
(Here || - || denotes the Ly norm). We can now compare the variances Ay de-

fined in (2.17) to Var(}_7_, Z7). Combining the latter estimate with Lemma 2.4

and Lemma 2.5 shows that

n Ny, n
Var (Z Z;) ~ Ay, and Ay, <> kdi <>V (2.39)
j=1 k=1 j=1

From (2.34) and (2.35) we get that

2

Z; — 7}

2

Y BIZ' <) VP <max{Vi,--- VYV, (n— o).
Jj=1

=1 =1
On the other hand (2.39) gives Var(3"_, Z7) > >°7 | V;. Thus

n * |4
> ElZ]] < Maxigicn Vj

L (2.40)
Var? (Z?ﬂ Z]*) 2 Vi
From (2.37) we get further
N Nn
Z kd; > e(N)Dy, and V, < e(M,)D3, / e(z)/xdx. (2.41)
k=1 M,

Using again (2.39), (2.41), (2.9), (2.10), the explicit formulas for M,,, N,, (see (2.38))
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and (2.12) combined with Lemma 2.6 we derive

Zvl‘/ <V, (dek) <<‘Z<<A]§:>>/ " (@) /zdz

N, DN
<</ 5(x)/xdx<<logD =

Mp

< (logn)(+m=9)

Since a > 1 in (2.12), we can chose 0 < r < o — 1, which shows
Vo/Vi+--+V,)—0 (n — 00). (2.42)

Together with (2.40) this proves (2.36), i.e. the central limit theorem holds for the

random variables (Z7).

In the next step we show that > "7 | (Z;+R;) and » 7, Z7 are "close” to each other.
This shows that the CLT is valid for the sequence (Z; + R;) as well. Observe that by

(2.34) /
z( near ) .

7=1
and consequently
— |Z; - Z;]

= (Z1§1§j V)2

Thus by the Kronecker lemma and (2.39) we have

< o0 a.s.

n

1 *
NG (2, -7Z) =0 as. (2.43)

Np j=1

By the same arguments it follows easily that the last relation holds with (R; — R)
instead of (Z; — Z7). Further (2.34)-(2.35), the independence of R} and the Cauchy-

Schwarz inequality give
" " 1/2
E|) R} < (Z Uj> .
j=1 j=1

We have already shown that U;/V; — 0. Hence the Markov inequality and (2.39)

yield
P (

YR

> 5)%3) =o(1) for every e > 0.
j=1




37

Using Z; + R; = Z7 + R} + (Z; — Z7) + (R; — R}) and recalling (2.32) we proved that
Nn
M2 dig S N
k=1

In order to finish the proof of Theorem 2.2 it suffices now to show that

lim sup E|Ty —Tp,| =0, (2.44)
I Ne(Nj-1,Nj]

where

N
Ty =277 dig.
k=1

By Minkowski’s inequality and Lemma 2.4 we get for N;_; < N < N;

Nj
AN = AT Va2 Y di | < ()20 + V) (245)
k=N+1

This shows that

N
+AP BT dig

k=N+1

ElTy —Ty,| < N2 =2 E

N
Z A&k
=1

Nj
M= A a2 S dgy

k=N+1

IN

< 249N U+ V)R,

Applying (2.39) and (2.42) we can show (2.44). This finishes the proof of Theorem 2.2.
0

Proof of Theorem 2.3. Trivially |Z7| < 2(Dy,—Dyy;). In order to apply Kolmogorov’s
law of the iterated logarithm (cf. Petrov [88, p. 239] to the sequence (Z7), it suffices

52 1/2
DN].—DM].:O<(—]2) >,
loglog s;

to verify that
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where 57 = Var( J_ Z7). First note that by the representation (2.10)

Dy, — Dy, = Dy, (1 — exp (— /MN] e(u)/udu))

(2.46)
Nj
< Dy, / e(u) /u du.
M;
Relation (2.39) and the first statement of (2.41) show that
Dy.e(N;) < 57 < Di < Nj. (2.47)
Using (2.9), (2.46), (2.47) and the explicit formulas for M, N,, we derive
8-2 -1/2
Dy, — Dy, | —2—
( N M’) (log log sj?)
<« — : 2 < | = / e(u)/udu 92 48
Dy, \ () ) ) (2.48)
N;j
< (loglog Nj)l/Q/ eY2(u) fu du.
M;
From Lemma 2.6, (2.10) and the Cauchy-Schwarz inequality it follows that
N, N, 1/2 N, 1/2
/ Y2 (w) Judu < / e(u)/udu / 1/udu
M; M, M
(2.49)

Dy, \'? N\ V2 N;
J A -7 N—a/2
< (log Mj) <log ) < (10g Mj) (loglog M;)~/=.

J

By the definition of M; and N; we see that the last expression of (2.48) is bounded
by const - (log j)3/27%/2*". This tends to zero if we choose 0 < 7 < (a — 3)/2.
Remember that by (2.39) Ay, ~ s?. Thus setting Ly = (2Ayloglog Ay)"/? we get
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from Kolmogorov’s law of the iterated logarithm that

J
lim sup L]vjl_ Z Zr =1 as.
=1

Jj—00

Next we observe that by (2.43) we have also
J
lim sup L;fjl_ Z Z;=1 as.
Jj—00 =1

Similar arguments show that for the short block sums R; we get

J
L]_V]l, Z R — 0 as.
I=1

Thus by (2.32) the LIL (2.18) is true along the subsequence (N;).

Finally we are confronted with the task of controlling the maximal fluctuation between
the subsequence (N;). Now for N;_; < N < Nj; a trivial estimate (using || < 2)
shows that

N Nj_1
L' & — Ly Y di
k=1 k=1

<

Nj_1
Ly, , _ ’ _
- 1‘ Lyt 1D di&| +2L5" (D, — Dy,_,).
N k=1

We have already proved that L &}71 ‘Zﬁ;l dipéi| = O(1) a.s. Hence Theorem 2.3 will

be proved if we show that

Ly,
lim  sup Ny 1‘ =0 (2.50)
J—00 N;j_1<N<N; LN
and
limsup sup Ly (Dy, — Dy, ,) =0. (2.51)
j—00 Nj_1§N<Nj
Relations (2.39), (2.42) and (2.45) imply that
sup ‘)\%f — /\]1\{2‘ = 0(/\]1\62) as j — 00 (2.52)

N;j_1<N<N;
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which immediately yields (2.50). To show (2.51) we first observe that by (2.39),
(2.41), (2.52) and (2.9) we have for N;_; < N < N;

L]7\/1<DNJ' - DNj*l) < )\]:71/2<DNj - DNj71> < D;f;,lgil/Q(Nj)(DNj - DNjfl)'

By using the same argument as in (2.46) we get an upper bound for Dy, — Dy, _,.

Thus by (2.9) and observing that N; < NjQ_1 for large enough j we obtain

e V2(N;)Dy, [Ns Dy [N
Ly (D, = Dy,,) < M/ e(u)/udu < 5 al / e (u) fu du.

DNj—l Nj—1 Nj—1 JNj_4

An analogue of (2.49), Lemma 2.6 and (2.38) can be used to derive

L]_VI(DNJ' - DNj—l)

Dy N;
< 2 <log ])(loglogNj_l)_o‘/Q

DNj—l Nj—l
N. (loglogle)_a< N.
< 1 lo J ) log log N;_;)~/?
(Nj_l) EN (loglog Nj-1)

< exp (const - (log 7)) (log 7)1 +7—e/2,
This tends to zero if we choose 0 < r < /2 — 1. -

Proof of Theorem 2.1. Lemma 2.4 shows (actually under weaker conditions than we

assumed in Theorem 2.1) that

N
Ay <Y kdy.
k=1

If we assume that kdj is non-decreasing, we get

N
> kdi < NdyDy, N=1,2,...

k=1

Hence by relation (2.12) we conclude that

(Anloglog Ay)? < (NdyDyloglog N)'/?

< Dy(loglog N)1=)/2,
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This shows that for v > 1
(Anloglog Ay)Y? = o(Dy),
and thus for f € £ Theorem 2.1 follows from Theorem 2.3.

The proof for indicator functions follows from routine approximation arguments as
e.g. those in [69)]. O

Proof of Theorem 2.5. We will show that

(4 0 (5) 21 (3)) i o

By (2.20) we have for every £ > 0 an Ny(e), such that for all N > N,

kd
sup —= < ¢. (2.53)
k<N Dn

Remember the definition of &, right before Lemma 2.3. By Lemma 2.1 we get

n 2
E (Z dk§k> <2 > ddi|EGG <20 ) Al Y dik!?,
k=m

m<k<I<n m<I<n 1<k<l

and hence by (2.53) we have for N > Ny

1 kd
2 2 : -1/2 2 : ki —1/2

1<I<N 1<k<t N

]

Consider the summation Dy = log N. By Lemma 2.4 and Lemma 2.5 we have
An =< Dy. On the other hand if Dy = N, then it’s possible to show (using Lemma 2.1
and Lemma 2.2) that Ay =< D%. Trivially, a necessary condition for the LIL is
Avloglog Ay < D3%. If the numerical value « of the weight sequence (Dy) defined
in (2.19) falls below the critical value 1 the last condition is violated. The proof of

Theorem 2.4 is based on this simple observation.
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Proof of Theorem 2.4. Let
Dy = exp(log N/(loglog N)*) where 0 < a < 1. (2.54)
A simple calculation shows that the representation (2.10) holds with ¢ = 1 and
e(z) = (loglog z)™® — a(loglog x) ™! ~ (loglog )~ (2.55)
and thus this D is in W. Also, by (2.54) and the mean value theorem
dy =Dy — Dy_1 ~ %exp(log N/(loglog N)*)(loglog N)~

and thus relations (2.12) and (2.13) are valid. Finally, Lemma 5, (2.41) and (2.55)
yield

N
Av > > kd} > e(N)D3, > D3 (loglog N)~°

k=1
whence
(Anloglog Ax)Y? > Dy (loglog N)1=)/2,
Since |szv:1 dpék| < 2Dy, relation (2.18) cannot hold if o < 1. 0

2.4 A conjecture for the critical weights

We have proved that the critical weight sequence for the LIL (Theorem 2.3) is given by
(2.19) with some unknown « € [1, 3]. In contrast to Theorem 2.3, we cannot conclude
that the ASCLT Theorem 2.1 fails for a < 1. We formulate now a conjecture based on
a heuristic argument which states that for both theorems the critical value is a = 1.

First we prove the following result.

Proposition 2.1. Let &,&, ... be a sequence of independent random variables with
E¢, =0 and E&E = o} and |&] < My, < co. Set B2 =3",_, 0t and assume that

M, = o (By(loglog Bk)_l/Q) . (2.56)

Then

n

1

—_ & — 0 ass.
D =10k kz:;
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Proof. The Kolmogorov condition (2.56) implies that

B? < max o, Y oy = o(B,(loglog B,) /2 Z o).

k=1 k=1

This gives B, (loglog Bn)l/ 2 = o(zzzl ox). Now the Proposition follows from Theo-
rem A2. O

Proposition 2.1 is even optimal. Berkes and Cséki [9, p. 119] construct a counter-
example which implies that o in the Kolmogorov condition cannot be replaced by
O. Specifically, they consider & = c(k) X}, where X}, are i.i.d. Bernoulli r.v.’s and
c(k) = exp(k/logk). Tt is easy to see that in this case (2.56) holds with O. Hence by
the second part of Theorem A2 we have for a sequence of bounded random variables
that (2.56) is sharp for both, the LIL and the LLN.

Conjecture. Theorem 2.1 and Theorem 2.3 are valid if the Kolmogorov type condi-
tion (2.12) holds with o > 1 and both theorems fail if o < 1.

This conjecture contains four assertions. One of them, namely the failure of the LIL
in case of @ < 1, has been already shown (except in the case a = 1). We shall give
now a heuristic argument why also the ASCLT should fail if & < 1. We assume that
X1, Xs, ... are i.i.d. standard normal r.v.’s. Further we let f be a Lipschitz function

with |f| <1 and consider the specific averaging methods defined by
D, (t) = exp(logt(loglogt)™®)
at t =1,2,... Finally, we set d,(t) = dD,(t)/dt. It is natural to expect that

1
Da(N)

S da(k) ( F(Se/VE) — E f(N)) 0 as. (2.57)

k=1
fails if @ < 1. The continuous version of (2.57) is

1

5w ) " aut) (FOVVD — EFN)) de — 0 as.
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where {W;, t > 0} is a standard Brownian motion process. By the parameter trans-
formation ¢ — e° the last relation holds if

1
Do (em)

/0 " d(eet (F(U) — BF(N)) di— 0 as., (2.58)

where U, = W (e?)e"/? is the (stationary) Ornstein-Uhlenbeck process. Let C,(n) =
D, (e") and c,(n) = du(e™)e™. It’s easy to see that

an(n) ~ Cu(n) and co(n)/ca(n+1) — 1.

The fact that ¢, (t) grows only subexponentially yields

n+1

/ ") (JU) — BF(N)) dt ~ caln) / (F(U) — EF(V)) dt - (n — oo)

n

and thus (2.58) will follow if we show

C’al(n) ;ca(l{)nk — 0 as., (2.59)

where 7, = f:ﬂ (f(Uy) — Ef(N)) dt. Note that the sequence (7)) is stationary
and |n;| < 1. This reduces our problem to a weighted law of large numbers for a
bounded, stationary sequence. If we replace the 7 in (2.59) with an i.i.d. sequence
(ny) satisfying Enf = 0 and |nf| < 1, we can apply Proposition 2.1. In fact, routine
calculations show that Kolmogorov’s condition (2.56) is satisfied if o > 1 and it fails
if a <1.

Whether Proposition 2.1 can be extended to our specific dependent sequence as well,
remains open. However, the example of Berkes and Cséki [9] shows that not even an
i.i.d. Bernoulli sequence is C(n)-summable (and consequently not C,,(n)-summable if
a < 1). Thus the conjecture on the failure of the ASCLT with a < 1 is evident. In any
case this transformation argument exhibits a strong connection between Kolmogorov’s

condition (2.56) and the crucial assumption (2.12).



Chapter 3

A sharpening of the universal a.s.
limit theorem

3.1 Introduction and results

Most results in the ASCLT literature concern partial sum behavior, i.e. they state

relations of the type

D;! Z dl{Sk/ar <z} — ®(x) as. (3.1)

k=1
There exist, however, a few extensions for nonlinear functionals of independent r.v.’s
as well: Marcus and Rosen [80], Csaki and Foldes [30] and Horvéth and Khoshnevisan
[61] obtained analogues of (3.1) for local times and Cheng et al. [28] and Fahrner and
Stadtmiiller [43] proved a similar result for extreme order statistics. In particular, in
(28] and [43] it is shown that if X, X5, ... arei.i.d. r.v.’s such that for some numerical

sequences (ay), (by) we have
(m%XXi —ay) /b LNE

with a nondegenerate distribution G, then

Jim Tog Z EI {maXKkbk i % < x} =G(z) as foranyzeR. (3.2)

k<N

45
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For further examples of nonlinear extensions of (3.1), see Antonini and Weber [1],
Mérters [81], [82], Peng and Qi [87] and Hormann [58]. In view of these results
the question arises which distributional limit theorems have similar a.s. versions and
Berkes and Csdaki [9] proved the surprising result that every weak limit theorem for
independent random variables, subject to minor technical assumptions, has an a.s.

"logarithmic” version. Specifically, they proved the following result:

Theorem B. (Universal almost sure limit theorem). Let X;, Xs,... be inde-

pendent random variables satisfying the weak limit theorem

(X1, X0, ..., X)) -5 G, (3.3)

where g; : Rt — R (I = 1,2...) are measurable functions and G is a distribution
function. Assume that for each 1 < k < I there exists a measurable function gy, :
R=* — R such that

E(|91(X1, Ce ,Xl) - gk,l(Xk+17 ce 7Xl)| AN 1) S A(ck/cl) (34)

with a constant A > 0 and a positive, nondecreasing sequence (ci) satisfying cx — o0,

ckr1/cx = O(1). Then we have

lim —— S did {fu(X0,. Xp) <0} = G(z)  as foranyz€Cg  (35)

Noo Dy (=

where

dy = log(cks1/cr), Dy =logen (3.6)
and Cq denotes the set of continuity points of G.
The simplest form (3.1) of the ASCLT is obtained by letting

ng(X1+..-+Xz)/\/Z, gk,l:(Xk+1+---+Xl)/‘/Za

where (X,,) is an i.i.d. sequence with EX; = 0, EX? = 1. It is easy to see that in
this case (3.4) is satisfied with ¢, = k“ for some a > 0 and thus (3.5) holds with dj ~
const-1/k. Similarly, the limit theorem (3.2) is obtained with

gl(Xh . ,Xl) = (max Xz — al)/bl, gk,l(Xk—i-l; e ,Xl) = ( max Xz — al)/bl

1<i<l k+1<i<I
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and in this case (3.4) is satisfied with ¢, = k, leading again to dj ~ const-1/k. In
both cases (3.4) means that changing the first o(l) terms of the sequence X7, ..., X;
has very little effect on the normed partial sum (X; + - - - + X;)/v/1 respectively the
extremal statistics

(max X; — a;)/b;.

1<l

An example for a limit theorem with a different ¢, is the Darling-Erd6s theorem

stating
Sz —x
a (max— - bl) e (3.7)

i<l \/j

for suitable (a;) and (b;), where S; are partial sums of independent r.v.’s with mean 0,
variance 1 and uniformly bounded (2+§)-th moments. (See Darling and Erdés [33] for
d = 1 and Shorack [100] for 6 > 0.) Here (3.4) holds with ¢; = log k, and (3.4) means
that changing the first {°V) terms of the sequence X1, ..., X; will change the left hand
side of (3.7) only unessentially. Note that in this case the initial segment of X, ..., X
not influencing the value of ¢;(X1, ..., X)) is much shorter: the dependence of g; on its
initial variables became more sensitive. As a consequence, we get a different weight
sequence in (3.5): instead of dy = 1/k we get now dj, = 1/(klogk), Dnx = loglog N,
i.e. in the a.s. version of the Darling-Erdos limit theorem we have loglog averages. We
thus see that the more sensitively the functional g;(xy,...,2;) depends on its initial

variables, the smaller weight sequence (di) in (3.5) is obtained.

For a detailed discussion of Theorem B and several examples as well as more refined

versions of the latter result we refer to Berkes and Cséki [9)].

The purpose of the present chapter is to show that, similarly to the ordinary ASCLT
discussed in the previous chapter, the universal almost sure limit theorem can also
be substantially sharpened by replacing the ”canonical” averaging method (given by
(3.6)) by suitable, weaker averaging methods. Due to the general character of the
limit theorem (3.3), however, the methods of the previous chapter are not applicable
in the present case, preventing us from getting the same complete characterization
as in the case of the ASCLT. However, we will show that a slightly modified version

of the Kolmogorov condition (2.5) remains sufficient even for the most general limit
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theorem (3.3).

In Section 3.2 we will give several examples. Specifically, in Section 3.2.2 we give
an example where the ”canonical” weights (i.e. the weights provided by Theorem B)
are d, = 1/k, but the considered a.s. convergence result actually holds with Cesaro

averaging, i.e. dp = 1.

Theorem 3.1. Let X1, Xo,... be independent r.v.’s such that for some measurable

functions g; : RY — R the weak limit theorem

alX1,.... X)) -5 G (3.8)

holds with some distribution function G. Assume further that for some functions

Gkl R - R, 1<k <, we have
E(lg(X1, .., X)) = gea(Xpsr, - X)) A1) < Aler/ar)” (3.9)

for some A, B > 0 and some positive nondecreasing sequence (c) with ¢ — 0.

Finally set dj, = log(cks1/ck) and assume that the Kolmogorov type condition

d, = O (d; (10gD—1’;k)ﬂ> (3.10)

is satisfied for some p > 0 and in addition
di > dy, dy/(dic?)  is nonincreasing (3.11)

and

hold. Then if f is a bounded Lipschitz 1 function on the real line or is the indicator
function of a Borel set A with G(0A) =0, we have

N—oo

In view of the result of Hardy quoted in Section 2.1 the validity of relation (3.13)

automatically extends to smaller weight sequences (dy), and thus we are interested in
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finding large weight sequences such that (3.13) is valid. Since (3.13) holds for d, = dj,
the first assumption dj > dj in (3.11) is a natural one. The second condition of (3.11)
and relation (3.12) clearly limit the speed of growth of Dy from above. In view of
relation (3.27) below, we have S0 dic; ~ const - ¢;, and thus the second condition
in (3.11) implies Dy, < ¢7. On the time scale determined by the ¢, the weights d
give logarithmic averaging, while D) = cf: is equivalent, by the theorem of Zygmund,
with (rescaled) ordinary Cesaro averaging belonging to Dy = c¢;. Thus the second
relation of (3.11) limits Dy above by Cesaro averaging and the same holds with
relation (3.12), which implies that the increments of D?(log Dy)™* are bounded and
thus Dy, < k'/2(log k)?/2. Restricting the summation procedures in (3.13) above by
Cesaro averaging is quite natural, since ordinary averaging is usually too large even in
the simplest versions of the ASCLT. However, the example given in Subsection 3.2.2

will show that in certain non-i.i.d. situations one can actually use even the Cesaro

weights in the general strong limit theorem (3.13).

The crucial condition in Theorem 3.1 is (3.10). It tells us how far we can move from
the natural logarithmic weights (dj) towards a larger weight sequence (d). As we
will see (Section 3.2), in typical cases (3.10) permits choosing (dj) much closer to the

corresponding Cesaro averaging than to logarithmic weights.

The following theorem covers the case when the functionals g, depend not on an
independent sequence (Xj), but on a more general stochastic process {X;, ¢ > 0}

with independent increments.

Theorem 3.2. Let {X;,t > 0} be a stochastic process with independent increments
and assume Xo = 0. Let n, [ = 1,2,... be r.v.’s such that n; is measurable with

respect to o{ X (t),t <1} and assume that the weak limit theorem
Th e

holds with some distribution function G. Assume finally that for every 1 < k <[
there exists a o{X (t) — X(s),k < s <t < l}-measurable random variable ny; such
that

E(Im =il A1) < Ale/a)® (1 <k <1), (3.14)
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with A, >0 and some nondecreasing sequence (c) with ¢, — oo. If (3.10)-(3.12)
are satisfied with dj, = log(cgy1/ck), then for any bounded Lipschitz 1 function f on
the real line or for the indicator function f of any Borel set A C R with G(0A) = 0,

we have

Jim DS def () = [ f@)dG) as (319

3.2 Examples

In this section we will give some applications of Theorems 3.1 and 3.2. In each case
we will specify the natural weights dj and the corresponding best weight sequence our
theorems provide. In what follows, f denotes a bounded Lipschitz 1 function or the
indicator function of a Borel set A C R with G(0A) = 0, where G is some distribution

function occurring as a weak limit of the form (3.8) in the given examples.

3.2.1 Partial sums of i.i.d. r.v.’s.

Let X1, X5,... be iid. r.v.’s and let S; denote the [-th partial sum. Assume that
there exist numerical sequences (q;) and (b;) such that a weak limit theorem of the
form

St

gl<X17"'7Xl) :a/__bli>G
l

holds with some (possibly degenerate) distribution function . Assume further that
sup;s; £[Si/a; — bi|” < oo for some v > 0. We choose

5 -8,
=2

Ged(Xit1, -, X)) —b (1<k<I).

A standard argument in a.s. central limit theory shows that there exist positive
constants C' and 3 such that

E(|gl(X1, . ,Xl) — ng(Xk_H, Ce ,Xl)| A\ 1) S C’(ak/al)ﬁ.

For example, if FX; = 0 and EX? = 1, then q; = V1 and Theorem 3.1 applies
with dj = 1/k and with G denoting the standard normal distribution function. If
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Xy are i.i.d. r.v.’s belonging to the domain of attraction of a stable distribution G,
then (q;) is regularly varying with exponent 1/« for some 0 < a < 2 and from the
representation theorem for regularly varying functions (cf. Bingham et al. [20, p. 12])
we obtain easily that ay/a; < C’(k/1)*. Hence in this case the natural weights di are
again the logarithmic ones. On the other hand, it is easily checked that for

Dy = exp((log N)a), dp, = Dy — Dk—l; I<a< 1, (316)

conditions (3.10)-(3.12) are satisfied, and thus Theorem 3.1 yields the stronger result
LN
A}lir(l)o Do Z dif (— — bk) / f(z)dG(z) as.

3.2.2 Sums of not identically distributed r.v.’s.

Let X be independent r.v.’s with EX; = 0 and EX? = s;, — s;, where s; =
ellog k)HE, e > 0, and let Sy denote the k-th partial sum. Assume that the sequence
(X) satisfies the Lindeberg condition and let g; and gx; be the same as in the last
example with a; = s; and b = 0. Then (3.9) is satisfied with ¢; = s and thus
we get the natural weights dj = (logk)°k™!. From a summability point of view,
the summation method defined by (d}) is equivalent to log summation. However,
Theorem 3.1 shows the surprising fact that in this case, even Cesaro means work in
(3.13). Indeed, define d;, = 1/v/k. Again conditions (3.10)-(3.12) are easily checked.
By Zygmund’s theorem the summation defined by d = 1/ V'k is equivalent to Cesaro

summation. Hence in this example we get

—Zf(sk) /f )dP(z) as. (3.17)

Clearly, the faster the sequence (si) grows, the more influence X has on the partial
sum Sy and the smaller is the dependence between the f(Si/sx). For example if
st = logk then the dependence between the f(Sy/sy) is much stronger than in the
standard case s2 = k and Example 1 in Berkes and Dehling [11, p. 1649] shows that
the ASCLT fails with dj, = k~'. In this case the natural weights are dj = 1/(klogk)
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and the norming sequence is D% = loglog N. But an application of Theorem 3.1
shows that the ASCLT actually holds in this example with the larger sequence Dy =
exp((loglog N)®) for any 0 < o < 1.

3.2.3 Subsequences

As an immediate consequence of the first example in 3.2.2 we get an almost sure
central limit theorem for i.i.d. r.v.’s along subsequences, using Cesaro summation.
Let X be iid. rv’s with EX; = 0 and EX? = 1 and set ny = [s?], where
s2 = exp((log k)'*) with e > 0. Define Y3, = S,,, —Sn,_,-

EY, =0, EY? = n; — ny_; and by the central limit theorem S,,, /+/nx BN N(0,1).
Hence we have by (3.17)

Clearly Y}, are independent,

%if( jn_) - [ fain s (318)

1

Schatte [96] and Atlagh and Weber [3] showed a similar result for nj, = [¢*] with ¢ > 1.
Of course, the faster n; grows, the less is the dependence between the partial sums
Sn,, and the weaker summation methods apply. Rychlik and Szuster [94] showed that
(3.18) also holds for nj, = [¢*"] with ¢ > 1 and @ > 0. The last result shows that we
can weaken the growth rates used in [96], [3] and [94] of (ny) substantially. Note also
that the growth condition for the subsequence (ny) is sharp in some sense. Choosing
e = 0 gives n,, = k and then (3.18) fails (cf. [96, Theorem 1]).

3.2.4 Sample extremes

Let X1, Xo,... beiid. r.v.’s. Assume further that there are numerical sequences (a;)
and (b;) such that for some distribution function G a weak limit theorem of the form

max;<y Xl —a; d

gl(Xla'--;Xl) = bl —>G

is valid. Then setting

MaXg<i<i Ly — A

by

9k,z($k+1; cee ,905) =
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we get (cf. [9, p. 122])

k
E(|gl(X1, . ,Xl) — gk,l(Xk+1> e ,Xl)’ A 1) S 7
Thus Theorem A yields
1 & max X
D—*Zd;f ( = ) / f(z)dG(z) as., (3.19)
N p=1

where the natural weights d; are the logarithmic ones. As observed in Fahrner and
Stadtmiiller [43] and in Cheng et. al. [28], if we replace logarithmic means in (3.19)
by the ordinary Cesaro means, the result fails. However, Theorem 3.1 shows that
(3.19) is still true when the summation method (D7) is replaced by (Dy) defined in
(3.16).

3.2.5 The Darling-Erdos theorem

Let W be a Wiener process and

W(t) )
=aq | sup —= —b
n : (1<t12l Vit :

where

logloglog! — log 4
= (2loglog )% and b = a; + 08 0808 o8 °m

[ > 3).
20 (1=3)

—x

By the Darling-Erdés theorem (see [33]) we have 1, —L, G where G(z) =e° . Let

¢, = exp(v/loglogl), A; = exp(log !/ exp(y/loglogl)) and

a (SUPAggtq W(QTW — bl> it k <A

0 otherwise.

Ml =

In Berkes and Cséki [9] it is shown that

E(lm = mal A1) < d(ex/c)'? (k<. (3.20)
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Also, n; is measurable with respect to o{W(¢),¢ < [} and 7, is measurable with
respect to o{W(t') — W(t) : k <t <t <I[}. Thus Theorem 5 in Berkes and Csaki
[9] implies

ngnoo—zczkf(ak(sup W+—b,€)> /f )dG(x) as., (3.21)

1<t<k

1
dy = Dy = \/loglog N. 3.22
57 Tlog kvloglog ki N = VB8 (322)

By Zygmund’s theorem, the averaging procedure determined by the weight sequence

in (3.22) is equivalent to loglog averaging, i.e. (3.21) holds also with
1
~ klogk’
On the other hand, using relation (3.20) with ¢, = exp(y/loglog!), Theorem 3.2
implies (3.21) with the considerably larger weights

1 «@ «@
du ~ (loglog k) D ~ (loglog N) 0 < <1/2.
P Tlogk© e o<1

Dy =loglog N.

More generally, consider a nondecreasing, unbounded function h : RT — R* with
1 < h(x) <z and set

h) _ () W)

N, =a sup —=- —

o (k/h<k><t<k N
where

logloglog h(k) — log 47
2a(h)

a,ih) = (2loglog h(k))"/? and b,(gh’) = a,(gh) +

Then a slightly more general form of the Darling-Erdés theorem yields
reaaye) (3.23)

An a.s. version of the last theorem was obtained in Berkes and Weber [18] who showed
that

—def _>/ f(x)dG(z) a.s., (3.24)
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where the weights dy depend on the function h: the slower h grows, the stronger
summation method is required in (3.24). The dependence of the weights dj on h is
rather involved, so we consider a simple special case, e.g. h(z) = €18 0 < a < 1.

Letting

o a" <SupRl§t§l OO b}h)) if k< R,
kil

0 otherwise,

with R, = [/h(l), in Berkes and Weber [18] it is shown that the analogue of (3.20)

2(log k)t~

for nl(h) , 77,(:[) holds with ¢, = e We can now apply Theorem 3.2 and get

(3.24) with the natural weights dj, = m. By Zygmund’s theorem this summation

is equivalent to log summation, which is exactly the result derived in [18]. But
Theorem 3.2 shows that we can use also the summation defined by Dy = elloe™N)”

with 0 < v < 1 — «, giving a stronger result.

In our previous considerations we dealt with the Darling-Erdés theorem for the Wiener
process, but with a simple invariance argument like in [9], [18], [100], we can extend
the results for partial sums of independent random variables with mean 0, variance 1

and uniformly bounded (2 + §)-th moments.

3.3 Proofs

In what follows, we will give the proof of Theorem 3.1; the proof of Theorem 3.2
is very similar. We first prove some preparatory lemmas. Let f be a Lipschitz 1
function with |f| <1 and put for 1 <k <

gl = f(gl(Xlﬂ"le)) _Ef (gl<X17”‘7Xl)>

Eer = [k (Xps1, -, X0)) — Ef (gra(Xig, -, X0)) s

(3.25)

where (X}) is a sequence of independent random variables and ¢; : R — R and
gr1 : RI7F — R are measurable functions. Here, and in the sequel, the constants ¢, «,

etc. depend only on the sequences (Xy), (1), (gx;) and f. Constants like C,,, E, will
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depend on the parameter p as well.

Lemma 3.1. Define & and & as in (3.25) and assume that (3.9) holds. If (dy) is a
numerical sequence satisfying (3.11), then we have for any k <m <n and p € N

E\Y d(&—-&)| <E, (5_}:) (Z dic;” (Z dk:cg)) :
l=m m I=m k=1

E, = K"'p"”?,

where

with some constant K.

Proof. We set Q(1) = Q(k,1) = & — &y Trivially |Q(I)| < 4 and thus
ElQF < 4TEQO)] <24 Ef(a(X1, ..., X)) = fgra(Xusr, -, X0)))
< const - 4PE (|g/( Xy, .., Xi) = g (Xpet1, -, X)) A D)

By (3.9) we get thus
ElQUIP < Ko - 4"(ci/e)’,

with some Ky > 0. Using the Holder and the Cauchy-Schwarz inequality we get,
setting dj = log(ci1/c),

E idz(fl — &) p < Z Z diy - dy, (E|QU)|P - - E|Q(L,)[P)"/*
I=m o
< Ky-4°c) Z Z dy, - Cl:ﬁ/p “Cl;ﬁ/p
li=m lp=m
= Koy- 4”0 (ch—ﬁ/p>
<

P2 s p 2 p/2
K0'4PC£ (Z d%(d;)_l) (Z o’ log(clﬂ/cl)) :
l=m

l=m

Since (¢g) is nondecreasing, for any v > 0 we have, setting u;, = log ¢y,

—_
—

n— n—

Un
N (Up gy — ug) < / e dr < eV (U1 — ug). (3.26)
1 Ut 1

B
Il
b
Il
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By (3.11) and (3.12) we have dj, = log(cx41/cr) — 0, i.e. cpy1/cr — 1 and thus (3.26)

yields

= 1
> "l log(cr/cr) ~ ;Cl (v >0, n — o00).
k=1

A similar argument yields for v < 0

> 1
> cllog(cria /) ~ mcl (v <0, n— o0).
k=n

Hence (3.11) and (3.27) imply that

l

l
decg>> b >
k=1

k=

Thus there is some K7 > 0 with

n n l
S o did) TN <KDY diey? <Z dkc§j> .
l=m l=m k=1

On the other hand, (3.28) implies that

n

Z ? log(cp1/a) < Ky - % cm”

25 P 28
l=m

with Ky > 0. This completes the proof of Lemma 3.1.

(3.27)

(3.28)

The crucial step of the proof of Theorem 3.1 is the following moment inequality: [J

Lemma 3.2. Assume that X1, Xs, ... are independent r.v.’s and assume that (3.9)-

(3.12) hold. Then for every p € N we have

p

E de {f(gn( X1, Xi)) = Ef (ge(X1, -, Xi))}

Jé] p/2
o ¥ aa(2))
1<k<I<KN

where Cy, > 0 is a constant.

(3.29)
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Proof. Again we use notation (3.25) and set

n l
Vi 1= Zdlcl_ﬁ (Z dwf) (1 <m <n).
l=m k=1

Further we put
C, = (49)7". (3.30)
We show that if the number ~ is chosen large enough, then

> ik

k=m

p

E < Cp(Vipn)P? forall 1 <m <n. (3.31)

Since Vi v equals the double sum on the right hand side of (3.29), this will prove

Lemma 3.2. We use induction on p.

First observe that &, and &; are independent for 1 < k < [. Therefore from || <2
and the Lipschitz 1 continuity of f we get

|\E&G] = |E&(& — &ry)| < 2E|& — &yl

< K3E(|lgi( X1, o, X0) = grg(Xpra, -+, X)) A D),

for some K3 > 0. Together with (3.9) we get

. 2
E(de§k> < 2 Z dpdi| Ep&|
k=m

m<k<Ii<n
Ck p
< 2K3A Y did (—) < 2K3AV,, .
Cl
m<k<I<n
Hence if we choose 7 so large that (4v)* > 2K3A, then (3.31) holds for p = 2.

Assume now that (3.31) is true for p — 1 > 2. From dj > dj = log(cky1/ck) and
(3.27) it follows that there is a positive constant K, such that

!
Z dk.cf: > K4clﬁ.
k=1
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Now choose 7 so large that the C, defined in (3.30) satisfies C, > (2/K,)?7?/2. Then
using |§] < 2 we get for Vi, , <7

> dig
l=m

Hence in the case V,,, < 7 relation (3.31) is valid. We now show that if X > v is
arbitrary and (3.31) holds for V,,,, < X, then it will also hold for V,,,,, < 3X/2. As
the validity of (3.31) is already verified for V,,,, < =, this will show that (3.31) holds

for any value of V,, ,,, and this will complete the induction step.

n !
< (2/K4) Z dlcl_’g (Z dkc}f) = (2/K4)Vm’n < (2/K,) 71/2‘/”11{2'
l=m k=1

Assume V,,,, < 3X/2 and set

S1+ 5 = defk—l- Z di&x (mgwgn)
k=m

k=w+1
Put further .
T2 = Z dkgw,k-

k=w+1

For a fixed m and n we choose w in such a way that

Vw n
Vm,w < X7 Vw+1,n < X and V;L =€ [1/27 1]

To see that this is possible, we have to show that for every choice of 1 < m < n with

Vinn > X there is some w € {m +1,...,n} with
1 2
§Vm,n S Vm,w S gvm,n- (332)

We define w := min{k > m : (1/2)V,,,, < Vi, }. Then (3.32) will follow if we show
that the increment Vj,, . — Vipw—1 < 1/6V,,,,. But from (3.10) we get

w

w D,w .
Vinw = Vw1 = ducy” (Z dwf) < dwcgﬁm > dicy

k=1 k=1

< dwDy/(log Dy,)?,

where we used again (3.27) in the last step. Since by assumption (3.12) the last term
is bounded, and since V., > X > 7 the result follows for sufficiently large ~.
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Now we prove that
E|S1 4 SafP < Cp(Vinn)'?.

To do so, we need some simple inequalities.

From the mean value theorem we get
57~ T1 < 415 - BIISP +1BP) (G2 1), (333)
Using Lemma 3.1 and the assumption that (¢) is nondecreasing we get for all j > 1
E|Sy — Tl < Ej(Vipr12)"”
We also have
E|Si) < Ci(VmwV? (1< <p) (3.34)

and
E|Sy < Cj(Vipr1n)? < ON(Vip)? (1<j<p). (3.35)

For 1 < j < p—1 the last two inequalities are valid by the induction hypothesis, and
for j = p they follow from the validity of (3.31) for V,,, < X. Hence Minkowski’s
inequality yields

E|T,] <27C;N2(V,W)? (1<) <p). (3.36)
Finally combining the Holder inequality with the latter results shows for 1 < 7 <p—1
E|SiP]S, — Tal|SaP7" < (EISiP)Y/" (B|Sy — TolP)"? (B|S, )7~/

< ORIy, P2 (3.37)

The last inequality remains valid, with an extra factor 2°~7=! on the right hand
side, if |S3|P7~1 on the left hand side is replaced by |[T3|P=~!. Since S; and T}, are

independent, we get by the binomial formula and the triangle inequality

E|S, + S < E|Si|]P+ E|Ss]?

p—1
+ X (M) mistisy - 170+ Blsl EITP).

J=1
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We substitute (3.33) and (3.34)—(3.37) (using also the analogue of (3.37) with
|T5[P~7=1) in the above inequality and get

p—1
B[Sy + 857 < Cp(Vipa)P'? (1 + AP O PRy S ar (?) (p — j)AP=)/2

j=1
p—1
i Cpfl Z op=3j \(p=3)/2 <p> o ij) _
j=1
Now
C;I/pE;/p <K .p1/2(4fy)*p, CiCpi/Cp < (4y)? (1<j<p—-1)

and thus by A <1

p—1
C, M ETY 2r (p) (p— HAP < const - p¥/2y 7
- J
7j=1
and
p—1
c,! Z 2p=i \(P=3)/2 (p) C; Cp_j < const-vyP.
. J
7=1
Since A > 1/2 we see that for a large enough 7 the relation E|S; + SqP < C, (1 +
NP2 (Vi )P/? = Cp (Vi )P/? is true. Thus we proved the validity of (3.31) for V,, ,, <
3X/2 and the proof of Lemma 3.2 is completed. n

The following lemma estimates the double sum appearing on the right hand side of
(3.29).

Lemma 3.3. Assume that (3.10) holds, then for any > 0 and any n < p we have
B 2
D
> aa(G) = (wepw)
1<k<I<N G (log D)
Proof. By the monotonicity of (¢x) we have

B
C

1<k<I<N

B
S Z dkdl (CC—'I;> + Z dkdl =: 0N + TN.

1<I<N 1<I<N
ckﬁcl/(logDN)p/ﬁ cl/(logDN)p/ﬁ<ck§cl
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Clearly oy < D3 (log Dy)~" and by (3.10)

. Dy
me 2 d o3 gy

I<ISN - ¢/(log Dn)P/B<er <

D2
d 1 __ZN__Joglog Dy.
log DN Z : Z og(crt1/cr) < (log Dn)? oglog Un

1<IKN cl/(logDN)P/ﬁ<ck§cl

]

Proof of Theorem 3.1. We use notation (3.25). From Lemmas 3.2-3.3 and the Markov
inequality we derive for any ¢ > 0, p € N|

‘

By (3.12) we get dy — 0 and consequently Dy,1/Dy — 1. Thus we can choose

N

Z dr&

k=1

> 5DN> < ¢(p,e)(log Dy)P"? for N > N,.

an increasing sequence (NN;) of positive integers such that Dy, ~ exp(y/j). Hence

choosing p > 4/n and using the Borel-Cantelli lemma we get

N

1
lim — dié, = 0
]glc}o Z kr =0 a.s.

Jkl

For N; < N < N;i; we have by [&] < 2

Z A

/Dn; — 1, the convergence of the subsequence implies that the whole

<_, degk +2( ”1—1).

Since Dy,

sequence converges a.s.

We have proved Theorem 3.1 for all bounded Lipschitz functions f. The result for
indicator functions follows by routine approximation arguments, similar e.g. to those
in [69]. O



Chapter 4

Generalized moments in a.s.
central limit theory

4.1 Introduction and results

Let X1, X5, ... bei.i.d. random variables with EX; = 0, EX? = 1. By a slightly more
general version of the ASCLT (implicit in Lacey and Philipp [69]) we have, letting

$x) = (2m) 712 exp(—2?/2),

RS logNZ f( ) / f(z a.s. (4.1)

for every bounded and almost everywhere continuous function f. The assumption

that f is a.e. continuous cannot be replaced solely by the measurability of f, as an
example of Schatte [96] shows. The validity of (4.1) for unbounded f is of major
interest in the theory: for f(x) = zP this expresses convergence of moments in the
ASCLT and for this reason, the left hand side of (4.1) is called a generalized moment.

Clearly, a necessary condition for (4.1) is

/\f z)| dx < co. (4.2)

As Ibragimov and Lifshits [63, Example 3] pointed out, condition (4.2) is not sufficient:
there is a continuous function f satisfying (4.2) such that the ASCLT fails even for a

63
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Bernoulli sequence (X,,). The reason for this failure lies in the very irregular shape
of the specific f. Ibragimov and Lifshits [63] also showed, improving earlier results
of Schatte [97] and Berkes, Cséki and Horvath [10], that relation (4.1) holds if (4.2)

cx? - . .
1S nonincreasing

is valid and f satisfies minor regularity conditions, e.g. if f(|x|)e”
for some ¢ > 0. This result lies much deeper than the ordinary ASCLT; its proof
depends on delicate fluctuation properties of i.i.d. random variables. The argument
fails for general independent sequences (X,,) and generalized moment behavior in a.s.
central limit theory remains open. The purpose of the present chapter is to give an
essentially complete solution of this problem. Our results will show the surprising
fact that for an independent sequence (X,,), the validity of a relation of type (4.1) for
a sufficiently large class of f’s is closely related to the LIL behavior of X,,, revealing

a new, unexpected side of ASCLT theory.

Before we present our results, we formulate the following theorem of Atlagh [2] and
Ibragimov and Lifshits [64] expressing the ASCLT for independent, not identically

distributed random variables.

Theorem C. Let Xy, X, ... be independent random variables with zero mean and
finite variances. Set S, = X; + -+ X,, ,s2 = ES? and 0> = EX?2. If the Lindeberg

condition (1.6) holds then
N

. 1 Ul% 1 {Sk }
lim 2 <2 =d(2 a.s.
n—oo log 2 k;zl s3 sy (2)

As in the previous sections, we write log x for log(z V e) and log log z for log(log =V e).

In the sequel S, will denote the partial sums of a sequence (X,,) and s? = Var S,,.

Theorem 4.1. Let X, Xo,... be independent random variables with zero mean and
finite variances. Suppose that s, — oo and that (X,,) satisfies Kolmogorov’s condition
for the LIL, i.e.

| Xo| < ensn/(loglog s, )2 (4.3)
with a positive numerical sequence €, — 0. Then for every almost everywhere con-

tinuous function f satisfying

|f(2)] = Olexp(y2?))  for some v < 1/2 (|z| — o), (4.4)
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we have

nlggologls ZJHI ( ) /f (45)

Theorem 4.1 is sharp as our next result shows.

Theorem 4.2. For every € > 0 there exists a sequence (X,,) of symmetric, bounded

random variables such that we have s,, — 00,
1 X,| < es,/(loglog s,)'/? (4.6)

and for f(x) = exp(yx?) with some 0 <y < 1/2 we have

. 1 - Uk2+1 Sk
hmsuplogSQZ 2 f . =400 a.s.

n—00 n

If we strengthen Kolmogorov’s condition (4.3), the result of Theorem 4.1 will hold

for a larger class of functions f.

Theorem 4.3. Let X, Xo,... be independent random variables with zero mean and

finite variances and assume that s, — oo. Further assume that
| X5| < exsi/(loglog s;)>?

with a positive numerical sequence e, — 0. If f(x) is an almost everywhere continuous
function on R such that |f(x)| < 65”2/2()( ) with some positive function b such that
log b(x) is uniformly continuous on R and [, b(x) dx < oo, then (4.5) holds.

The assumption that logb(x) is uniformly continuous is not necessary and can be
replaced by other conditions. In [10] it is shown that if b(x) > 0 for all € R and
if b(z) and b(—x) are non-increasing for > 0 and [, b(z) dz < oo, then there is a
function b* on R such that b(z) < b*(x) for all x, logb* is uniformly continuous on R

and be* )dr < oo.

The following theorems will give sharp conditions for the validity of (4.5) for un-

bounded random variables X,,.
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Theorem 4.4. Let X, Xo,... be independent random variables with zero mean and

finite variances. Set o2 = Var X,, and assume that
$p — 00 and opi1 =0 (s,/(loglog sn)l/Q) : (4.7)

Let S(t) = S, if s3 <t < s2.yn=0,1,... and assume that there exists a Wiener

process {W(t), t > 0} on the same probability space such that
S(t) = W(t) + o(t*/?) a.s. (t— 00). (4.8)
If f is an a.e. continuous function satisfying (4.4), then relation (4.5) holds.

Again, this result is sharp in the sense that condition (4.8) cannot be weakened to
S(t) = W(t) + o(t?y(t)) aus.
for any function ¥ (t) / oo.

Theorem 4.5. Let X, Xo,... be independent random variables with zero mean and

finite variances. Set S(t) =S, if s2<t<s2, (n>1). The as. approzimation
SEt)=W(t)+o (t/*(t)) as. (4.9)

with some Y (t) / oo and the additional regqularity assumptions (4.7) and the central

limit theorem

P(S,/sn < x) — O(x) (4.10)

do not imply Theorem /.4 even for polynomial f.

By a theorem of Major [78], Kolmogorov’s condition (4.3) implies that we can redefine
S(t) on a new probability space together with a Wiener process {W (t), t > 0} such
that

S(t) = W(t) + o(tloglogt)'/? as. (4.11)

Since the last condition is still sufficient for the validity of the LIL for (X,,), it is
natural to ask if Kolmogorov’s condition (4.3) in Theorem 4.1 can be replaced by

(4.11). As Theorem 4.5 above shows, the answer is negative.

Strengthening the remainder term in (4.8) leads to a larger class of functions in (4.5).
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Theorem 4.6. Let X, Xo,... be independent random variables with zero mean and
finite variances. Define S(t) = S, if s2 <t < s2,,, n=1,2,.... Assume that (4.7)
holds and that there exists a standard Wiener process {W(t),t > 0} on the same
probability space such that

S(t) =W(t) +o(t/loglogt)*? as. (t — oo). (4.12)

Then if f(x) is an almost everywhere continuous function on R satisfying the condi-
tions of Theorem 4.3, relation (4.5) holds.

We note that conditions (4.8) and (4.12) imply the ordinary CLT for the partial sums
S, = X; +---+ X,. In our next theorem we assume that the CLT is valid. As a
further assumption we require an exponential bound for large deviations of .S,,, which

is e.g. implied by Kolmogorov’s LIL condition (4.3).

Theorem 4.7. Let X1, X5, ... be independent random variables with zero mean and

finite variances. Set s> = Var S,, and assume that
Sp— 00 and o, = 0(sy). (4.13)

Assume further that (4.10) is valid and that
2

P(S, > z) < exp (— "

@(1 - en)) for 0 <z < K(s2loglogs?)?, (4.14)

where €, = o(1) and K > 0. Then (4.5) holds for any almost everywhere continuous

function f: R — R satisfying (4.4).

4.2 Proofs

Lemma 4.1. Assume (4.5) is valid for indicator functions of intervals and for a fized
a.e. continuous function fo. Then (4.5) is also true for all a.e. continuous functions
fwith | f(z)] < |fo(x)], z € R.

Proof. We refer to Schatte [97, Section 2.3] where a similar result is proved. O
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Lemma 4.2. Let f(x) be a real valued and integrable function with [ |f(x)] d®(x) <

o0o. Then
NHOO logN/ ( ) dt = /f )dP(x) as.

Proof. This follows from the ergodic theorem by using the substitution t = e*:

oy [ 1 (Y = L [ rws) as - Brwo) as.

where U(s) = W (e®) e=*/2 is the Ornstein-Uhlenbeck process. O

Lemma 4.3. Let f(z) = e**/2b(z) with some positive function b such that logb(z) is

uniformly continuous on R and fR )dz < oo. Under the conditions of Theorem 4.6

1 W (t) Oier1 4 [ Sk
/Sk2 zf (7) dt ~ 5 f (5_k> a.s. (k— o0).

Proof. We show that almost surely

/+ 1f< g)) dtN/j“ %f (%?) dtw/j“% (f-i) dt.  (4.15)

k k k

we have

From (4.12) we conclude that there is a function €(t) = €(t,w) > 0 with €(¢) — 0 a.s.

for t — oo such that
— —’ = ¢(t)(loglogt) Y2, (4.16)

and hence

‘SQ(t) - WQ(t)‘ < €(t)(loglogt)~'/? (‘ NG ‘ 'W\/(;)D : (4.17)

t t

Note that (4.12) implies the LIL for S(¢), and thus the right hand side of (4.17) tends

to zero almost surely as ¢ — oo. Since we have

TUE) (10 ("10) g (B0 ) e (220 520)

F <%) Vi Vi 2t 2t
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we conclude from the uniform continuity of log b that

r(2)
lim  sup AV (4.18)
k—o0 tels?2, Sk+1] f <M>
Vit
Relation (4.18) remains valid if we replace the supremum by an infimum. This proves
the first part in (4.15).

In order to obtain the second part of (4.15) we first note that by (4.7) we have
sf.1 ~ si. Hence it suffices to show relation (4.18) with W (t)/+/t replaced by Si/sy.

Now the reasoning in the proof is similar to the previous arguments. Il

Proof of Theorem 4.6. From (4.12) we get the central limit theorem (4.10) for the
process Xi, Xs,..., and thus Theorem C implies that the ASCLT (4.5) holds for
indicator functions f. Thus using Lemma 4.1 it suffices to prove Theorem 4.6 for
a function f(x) = b(z)e*’/2, where b satisfies the conditions in Theorem 4.6. From

Lemma 4.2 and Lemma 4.3 we get a.s. for N — oo

e [ [ (50 -5 (2)

which completes the proof. O]

Proof Theorem 4.4. The strong approximation (4.8) yields an almost surly finite ran-
dom variable ty(w, €) such that for ¢ > ¢,

2228}

Let f(z) = exp(yx ) v < 1/2. Obviously

L)
—1ogN/01< ?) i (’ '“)dt'

From Lemma (4.2) we conclude that

logN/Nl (S\ﬁg)) dt < AGXP(V(\$!+6)2)d®(x) a.s.

lim sup
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If ¢ — 0, the integral on the right hand side tends to [ exp(y2?) d®(z). A similar

computation in the other direction gives

1 (N1, /S ,
[ (2) ~ [t o
It is easy to show that

0'2 S 813+1 1 S 0_2 S
1—9 k+1 (_k)</ — (_k)< 1+(5 k+1 (_k)7
(1 —0%) 52 f o) = s 2/ N < ( k)_s,f f 5

where 6 = o(1). Using the explicit form of f the proof follows by simple calculations
from (4.7) and the LIL. O

Proof of Theorem 4.7. In the sequel we will put

Sk
Sk ’

Ek -
For some ¢ > 0 we set di = ((2 + §)loglog s2)'/? and define

& = sign(&) {|&] A di}-

By the usual argument in this theory it suffices to prove the proposition of Theorem 4.7

for a fixed function f(z) := Cexp(yz?), where C > 0 and 0 < v < 1/2. We put

n

2
hom S T

- 2
log s 2 — s

In an obvious way we define I,,. Now we have

1 = of

N A~ o
I,<I,<I, kil I > d,.}. 4.19
<I, < +log33; 52 S (&) I{|&] > di} (4.19)

We first show that the event {|{x| > dr i.0.} has probability zero and thus the last
term in (4.19) tends to zero a.s. For this purpose we define x(n) = (2s2loglog s2)'/2.

By (4.14) we have

P(S, > (1+ €)' x(n)) < (logs7)""*,
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for 0 < € < € if n is large enough. It is easy to show that the assumption 02/s2 — 0
implies that for every 7 > 0 there is a subsequence (n;) such that s > (14+7)" > 52

and 52 ~ (1+47),, 1=1,2,---. Hence
P(Sn, > (1+ )Y2x(ny)) < 2(1log(1 + 7—))—(1-"—5/).

By a well known maximal inequality of Kolmogorov we get for 0 < 7' < n < € and [

large enough

P(max S, > (1+¢)"?x(n;))

n<ng

IN

2P(Sn, = (14 €)*x(n) — /252)
< 2P(Sy = (140)Px(m))

< 4(llog(1 + 7))~ 0+,
Thus, by the Borel-Cantelli-lemma we have for all I > ly(w)

max S, < (14 €)2x(ny),

n<ng

where [y < oo a.s. For large enough [ and a small 7 we can ascertain that

X(nit1)

N /2 )2,
) (1+7)7%<(1+e€)

Therefore we get for n; < m < n;
S < max S, < (L+6)x(np) < (1+e)x(m) < (1+e)x(m).
nx=ni41

It suffices thus to show that
nmgz/j@myw as.
n R
First we prove the integrated version
1ME@:/j@mm@. (4.20)
" R

Observe that for some 0 < a < f(dy)

/  j(a)dp = / (&) AP + F(d) P& = dy).
{f(&k)>a} {f(dr)>f(&x)>a}
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Clearly the integral above is zero if a > f(dy). By (4.14) we have for small enough ¢

Fld)P(I&] = di) < 2f(di) exp(=di(1 — e)/2)
= 2(log 5}3)(2%)(%1/2(1*%)) =0(1) (k— o0).

Further we have

di —(1/~loga)'/? ,
/ rear | [ - 7 dP(G < 1) — 1]
{f(dr)>f(€x)>a} (1/yloga)t/? —dg

Product integration yields

d
/ & d[P(& < ) — 1]
(1/~loga)t/?

dy,

< aP(& > (1/yloga)/?) + 27/ 2 P(&, > z) da.
(1/yloga)l/?

Now we can use again the tail estimate (4.14) and easy computations show that for
some constants ¢, u > 0 we have for all £ > 1

/ fl&)dP < ca™".

{f(de)>f(Ex)>a}

From the previous calculations we conclude that

lim sup/ F(&) dP =0,
{f(&x)>a}

a—00 k

hence the sequence (f(&)) is uniformly integrable. By (4.10) & —%, N and hence
ék AN , where N is a standard normal random variable. By the uniform integra-
bility it follows that Ef(£,) — Ef(N) and this proves (4.20).

In the next step we estimate the variance of fn For 1 < k <[ we define

Sy — Sk

Ne,1 = )
S

and
M1 == sign(ne, ) {|mk, | ANdi}  where d; = ((2+ 0)loglog 512)1/2,

for some § > 0. It is clear that

~ . Sk’
& — et < | & — | < |€k|s_l~
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Also it is obvious that f(x) decreases as |x| grows. Consequently by the independence

of ék and ﬁk,l

Ef (&) FE) & < (si/51)*} < EF (&) f (Il + |€lse/s) T{&] < (s1/s)}

< Ef(&) Ef(|im + (se/s1)*?)
< Ef(&) Ef (Il + (se/s0) ) I{I&| < (s1/56) %} + f(di) f(di + 1) (si/50)*°
< Ef(&) Ef(I&] + 2(su/50)%%) + f(di) f(di + 1) (si/50)*

From the convexity of f(x) we deduce

F(&l +2(si/50)*°) = f (&)
< Fdr + 2si/5)®) — F(d) < Ay(se/50)*3(di + 2) exp(y(dy + 2)?).

Some algebra shows that for sufficiently small § there are constants ¢, 1y > 0 such
that

Ef(&)fE)HI&] < (si/s1)'*} < EF(E) EF(&) + e (si/1)** (log s?) ™. (4.21)

Applying Tschebyschev’s inequality gives

Ef(E)FE{I&] > (si/50)'*Y < e (si/1)? (log s?)* (4.22)

for some constants ¢z, vo > 0. Combining (4.21) and (4.22) we have shown that

Cov(f (&), F(£)) < es(se/s1)**(log 7)™ (s, v5 > 0). (4.23)
Hence
. 2 Uk2+1 Ul%rl 2/3 2\2—13
Varl, < (log 52)° Z 7 g2 O3 (sk/s1)”" (log s77)
n <k<i<n k l
<sk/sllYgﬁé§s%)*3
n 2 Z Oipr1 Ol (EfQ(é ))1/2(Ef2(A))1/2
(log s2)? e 52 s? k &

(sg/s1)>(og 52)~3

= Vi+ V.
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Using (4.13) we get 02, /s? ~log(1 + o2, /s7) =logs?,, —logs? and thus

1 "o} L op
VI < 1 M1« (logs2)™,
< g 2 e 2 s < loEs)

where a,, < b, means that limsup,, |a,/b,| < oco. Using similar ideas as before, we

see that if § is sufficiently small then Ef2(&) < (logs?)'~** for some vy > 0. Hence

2
ag
Vo < (ogs?) ™ Y =5 Y (logsiy —logsg)

1<i<n ! si(logs2)3<si<s;

< (logs?)loglogs?.
We have proved that there is a v > 0 with
Var I,, < const - (log s2)™".

Now choose a positive a with av > 1. Taking into account the growth conditions

(4.13) for s? it is clear that there is a sequence (n;) such that
1* <logsp < (I+1)* (I>1L), (4.24)
for a > 1. The Borel-Cantelli-lemma and (4.20) show
}nf / f(x)d®(x
Since f is nonnegative, we can easily show that

. . | . logs2 .
i< logm 8

ni4+1

ng ni+1

log s?2 log s?

ni4+1

for ny <mn < nyyy. Hence from (4.24) we infer

liinfnz /R f(x)dd(z).
O

Proof Theorem 4.1. Kolmogorov’s condition (4.3) trivially implies the Lindeberg con-
dition (1.6) as well as (4.13). The Lindeberg condition implies the CLT (4.10). From
Petrov [88, Lemma 7.1] we deduce the exponential bound estimate (4.14). Hence the

conditions of Theorem 4.7 are valid. O
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Proof Theorem 4.3. This follows directly from Sakhaneko’s Theorem A10 combined
with Theorem 4.6. [

Proof of Theorem 4.2. We use a classical counterexample of Weiss [110] concerning
the law of the iterated logarithm. Let X, Xs, ... be a sequence of independent random

variables, where

and
X, =0 with probability 1 — bgk%,
where o > 0. Thus
o
o ~ exp(2k/log? /{:)@
and
Sp o~ %akz log” k.
Therefore we have
Sk
Xl < 4/2 1 1) ———5——
| k|— /Oé( +O( )) (loglogslf)l/Q’

and thus by choosing « large enough we have (4.6). In [110, Theorem 1] it is shown
that with probability 1

S
li L > 1.
P (2s2loglog s2)172

Hence there is a § > 0 such that almost surely

S > ((2+ d)loglog 52

; )2 (4.25)

n

1
244

large enough and satisfies (4.25), then we get some ¢ > 0 with

Ok+1 Sy 1 0,4 S, ¢
E ex — | > ex — | >n° — o0.
log 52 st p<7 st ) T logs? s? P {752 )=

n

for infinitely many n. Now let f(z) = exp(yz?) where <y < 1/2. If now n is
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Proof of Theorem 4.5. We construct a counterexample using the ideas of Lifshits [72].

We assume without loss of generality that ¢(t) < (loglogt)/?

and define an integer
sequence (z,) with

m=0" )] +1 (n>1).

(As usual [z] denotes the integer part of x). By the assumption for the growth rate of
1 is easy to see that z, > expexp(n?). Now let Ni, No,... be i.i.d. standard normal
random variables and let Y7, Y5, ... be independent random variables with Y; = 0 for

1 # 2z, k>0 and

v +(zloglog z;,)!/?  with probability 2 (loglog z;) %,

* 0 else,

such that the process (Y;) is independent from (XV;). Finally we set X; := N; + Y.
First we show that (X;) matches the conditions of Theorem 4.5. Observe that

EX?2 =1+ z(loglog z,) 2I{n = 2}, (4.26)

and hence for n € [z, z;41) we get by the definition of z, that

k
s2=n+ Z zi(loglog ;) 2.

i=1
Since the z; are growing super exponentially only the last summand carries weight
and thus

s2=n(l+e¢,), with 0<e, <2(loglogn)™2 (4.27)

Consequently we have

O',%_HN{ : it n#z—1; (4.28)

(loglogn)™2 if n=z —1,
which shows (4.7). By the Markov inequality and by the definition of z, we have
P(] Zsz| > e21/%) <« (eloglog z,) 2 Ve > 0.
k=1

Since Y; = 0 if i # 2, k > 1 we infer that |>_I| Y;| = o(n'/?) holds in probability.
Thus assumption (4.10) also holds for the sequence (X,,). Finally we note that by the
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definition of Y; and the super exponential growth rate of (z;) there exists for every

h > 0 some ng(h) which is not random, such that

S,
i=1

Clearly we can define our random variables on a probability space with Y " | N; =
W (n) where {W(t),t > 0} is a standard Wiener process. Hence we conclude that for

te [Sr%? 83+1)

< (1+ h)(nloglogn)Y?, for all n > ny. (4.29)

S(t) = zn: N; + zn: Y, = W(n) +o (£/2(t)). (4.30)

From well known properties of the fluctuation of a Wiener process (cf. Csorgé, M. and

Révész, P. [31, Theorem 1.2.1.]) we derive that for all n > ng(w), with np < co  a.s.

(W (n) — W(n(l+e,))| <2 (nen <1og€i + loglog n))1/2 = o (n'/?) (4.31)

n

Now that

P( sup  [W(s7) = W(s: +1)| > suo(n)'/?)

n
tef0,02, 4]

< 2P(|W(s2) — W(s2,)| > satb(n)"/2)
< const - exp (—1/282—31/}(71)1/2) ;

Un—l—l

we get by (4.28), the assumption ¢(z,) > n and the Borel-Cantelli-lemma

sup W (s2) — W(s2+1)| = o(n'/*p(n)) as. (4.32)

X n
t€[0,0n+1}

Combining (4.31) and (4.32) this shows that

te[s2,s2 1] tef0,0.2, 1]

= o(n'*Y(n)) as.

sup  [W(n) —W(H)] < [W(n)=W(sy)|+ sup [W(s;)—W(s;+1)|

n

which proves (4.9). We have established that (X,,) meets the conditions of Theo-

rem 4.2.
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Now we show that the ASCLT fails for X;, Xs,... and f(z) = 2™. Set

n

1
e = ZN and €2 \/EZYl

and denote
& =60 +€7 and &, = sign(&,) (|| A ((2+ d)loglogn)/?) (5> 0)
and in an analogous way we define 5(1) and 5(2) Let p > 0 be an integer. Since
E” > o (€0 +E0)7,
we get by independence and symmetry of &, c1 and &n @)
BV > o BEDY

By (4.29) f {n , if n is large enough. From the symmetry of the Y; we get
k
BER)” > - 5 S BV > (loglog 2,)7~
“k =1

and hence for p > 3 this shows that limsup, E (én)% = 00. We use this result to
prove that there is a sequence (n;) such that

1 i0k+1 Sk;
— 00.
log s?2 s? \ sk

Tle,

By (4.27) this follows from

n

1 O £ 2p
og 37 > S &T = o0 (4.33)
ny k=1 k

Similar estimates as in the proof of Theorem 4.7 show, that

2/3
Cov(§:", &™) < const - (loglog 5)” (Ss_];) ,

and consequently that

Uk+1
(logSQ Z 2 ) — 0.

k=1
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Hence
2 2

n n
1 Ok+1 p2p 1 Ok11 Eé2p P 0

2 E : 2 Sk 2 § : 2 k )
log s?2 —~ 5 log s?2 —~ 5

which assures almost sure convergence along a subsequence. Since Eé ,f P — 0o we get
(4.33). O



Chapter 5

Upper-lower class tests for
martingales

5.1 Introduction

Let X4, X, ... be independent random variables with mean 0 and finite variances and
let S, =31, Xk, 52 =Y r_; EX?. By Kolmogorov’s law of the iterated logarithm
(Theorem A2), if

| Xo| < Ansn/(loglog 52)1/2

with a positive numerical sequence A\, — 0, then
lim sup (252 log log s2)~1/25,, = 1 a.s.
A much more refined result was proved by Feller [44], who showed that if
| X,| < Ks,/(loglog s2)%/? (5.1)

and ¢ : Rt — R* is a nondecreasing function, then

P{S, > spp(s,) 10} =0 or 1 (5.2)

80
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according as
I(p) ::/ to(t)e At < 00 or = 0. (5.3)
1

Condition (5.1) is best possible: replacing it by
| X,| < Kpsn/(loglog s2)%/?

with any fixed sequence K,, — oo, the test (5.2)—(5.3) becomes generally false.

Using truncation, the above result extends easily for sequences (X,,) of unbounded
r.v.’s. For example, Feller showed that the test (5.2)—(5.3) remains valid if we replace
(5.1) by
ngz(log log s)* EX2I{|X.| > Msy./(loglog s1)3/%} < o0, (5.4)
k=1
for some positive constant M. This condition is obviously satisfied if (5.1) holds
and covers also a large class of unbounded sequences, but condition (5.4) is far from
optimal. For example, in the case of ii.d. sequences (X,,) relation (5.4) requires
EX3}(log|X1|)* < oo for some o > 1, which is too strong. Using a more delicate
truncation argument, Feller [45] showed that if X, are i.i.d. random variables with

mean 0 and finite variance, then the test (5.2)—(5.3) is valid provided
EXZI{|X1] >t} = O((loglogt) ™,
and the last condition is best possible. In particular, the test holds if

EX?loglog | X,| < oo. (5.5)

The previous results give a fairly complete description of the upper-lower class behav-
ior of independent random variables. Using strong approximation methods, Strassen
[103] was the first to extend Feller’s results for dependent random variables. Let
{X,, Fn,n > 1} be a martingale difference sequence with finite second moments
and let S, = X1+ -+ X, s2 = > ,_, E[X?|F_1]. Strassen proved that the test

(5.2)-(5.3) remains valid if s? — oo a.s. and

> si2(log sk E[XZI{| Xk| > si/(log sp)°HFiet] <00 aus.

00
k=1
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The last relation is similar to (5.4), but it is considerably more restrictive. Strassen’s
result was improved gradually by Jain, Jogdeo and Stout [65], Philipp and Stout [91]
and Einmahl and Mason [38]. The last authors proved that the test (5.2)—(5.3)
remains valid if condition (5.1) holds, a result which is obviously optimal. By trun-

cation, this implies the test (5.2)—(5.3) under the conditional version of (5.4), i.e.

Zs,f(log log s;) E[X2T{|X}| > Msy/(loglog s)%?}|Fi_1] < 00 a.s.
k=1

with some M > 0. Similar criteria are given in Jain, Jogdeo and Stout [65] and
Philipp and Stout [91], but they are all far from optimal. For example, Theorem 3.1
of Jain, Jogdeo and Stout [65] implies (see their Remark 2) that the test (5.2)—(5.3)

holds for stationary, ergodic martingale difference sequences {X,,, F,,,n > 1} under
EX}log|X:|(loglog | X1])? < oc. (5.6)

In analogy with the i.i.d. case, it is natural to expect that in the stationary case
Feller’s condition (5.5) suffices for the test (5.2)-(5.3), but this conjecture remained

open until today.

The purpose of this chapter is to give an upper-lower class test for unbounded martin-
gale difference sequences which not only improves earlier results in the field, but it is
essentially optimal. In particular, we will prove that for stationary ergodic martingale

difference sequences Feller’s condition (5.5) implies the test (5.2)—(5.3).

Theorem 5.1. Let {X,,, F,, n > 1} be a martingale difference sequence with F, =
o(X1,...,X,), finite variances and assume that s2 =Y ,_, E[X?|Fr_1] — 0o as.
Let S, =X+ + X, B2=>",_, EX?, f(k) = By/(loglog By)'/? and assume that
the following conditions hold:

(@) D7, f(n) M EX I{|X,| <df(n)} <oo for somed > 0;

(b) >, f(n) 'E|X,|I{|X,| > cef(n)} <oco foralle > 0;

(c) B2Y ,_Xf—1 as.

Then for any positive, nondecreasing function ¢ the test (5.2)—(5.3) holds.
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Theorem 5.2. Let {X,,F,, n > 1} be a stationary ergodic martingale difference
sequence with
EX?loglog | X1| < oo.

Then for any positive, nondecreasing function ¢ the test (5.2)—(5.3) holds.

5.2 Preliminary lemmas

We start with defining a truncated MDS { X}, F, n > 1} as follows:
Xip = X {| X < 0f(k)} — BIXGI{| Xk < 0f (k)}Fi ],

where
f(k) = By,/(loglog By)"?,

with the usual convention loglogz := log(logmin{z,e?}). Here the filtration F; =
o(X5,..., X)) if k> 1and Ff = {0,Q}. Denote by S the partial sum X;+---+ X}

and similar to s2 set §
sit =) BIXP|FL.
k=1
Finally let X" = X}, — X7 and define S;* = X{* + --- + X*. First we observe that
|ELXG I Xk ] < 0f(R)HFp | = [EXGI{X] > 0f (R)}FrA]] - as. (5.7)
Since
BXp|Fia] = BIXGI{| K| < 0F(R)}Fpoa] + BIXRI{Xe] > 0f (R)}Fi]s
(5.7) will follow, once we show that
EXp|Fi_1] =0 as.
Since (X%) is an MDS, we know that

E[Xk’fk,ﬂ =0 a.s. (58)



84

By the definition of a conditional expected value we have
/A X, dP — /A E[X(F: JdP forall Ac Fr .
Since F;f C Fy, it follows from (5.8) that
AE[XHF,:_J dP =0 forall Ae F;_,,

and consequently that E[X;|F; ;] =0 as.

From now on a,, ~ b, means a, /b, — 1 for n — oc.

Lemma 5.1. Under condition (b) we have
)Y XPH{|Xe| > 6f(k)} — 0 as.
k=1
Proof. We have

Y XPH{IX > 6f(k)} < sup [ X T{ Xi| > 0F(k)} Y IXkl {1 Xa| > 6 (k)}

k=1
n 2
< (Z | X I{[ X | > 5f(k)}> )
k=1
and thus the result follows from (b) and Kronecker’s lemma. O

Lemma 5.2. Under conditions (a)—(c) we have

* 2
~Y

2 2
o~ Bl ~s; o as.

s n

Proof. We only need to show that s*? ~ B2. The second relation is similar, in fact

simpler. An easy calculation gives

B.?Y E[X{*|Fi]
k=1

n n

B.? Y ERXGI{IX] < 0f(R)}Fio] = By Y (BIXI{IXk] < 0F(k)}Fi))

(5.9)
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Now by (5.7) we obtain
B2 (BIX,I{|Xx| < 0f (k) }Fi])?
< 8(f(k)loglog By) ™ E[| Xg|I{| Xx| > & f(k)}Fi_i],
and thus by Kronecker’s lemma and (b) the second term in (5.9) tends to zero. Set
Yy, = XpH{| X < 0f (k)} — EIXCI{|XG] < 0f (R)}HFE ).

Clearly (Y}) is an MDS and since by (a)

SBUEYE <3 B BN <67} < oo,
k=1 k=1

we get from the law of large numbers for martingales (c.f. [47, Corollary 6.7.2.])

B> (XPI{| Xkl < 0f(k)} — E[XFI{| X4 < 0f(k)}Fry]) = 0 as.

k=1

In view of (c), (5.9) and the last relation we have to show that

B2 X{I{|Xi| > 0f(k)} >0 as,
k=1

which follows from Lemma 5.1. O

Lemma 5.3. Under conditions (a)—(b) we have

n

f(n)™2 Z EX;' =0 as.
k=1
Proof. We have

S F(R)EX]
k=1

WE

FR) T E(X X0 < 0f(k)} — EIXI{| XK < 0f (k)AL

b
Il
—

hE

F&) ™ (BEXGI{|Xx| < 0f(k)} + 150° f (k) E|B[X, I{| Xa| < 6 f(k)}Fi]])

B
Il
—

NE

FU) ™ (BXGI{|Xe| < 0f(k)} + 150°f (k)° B Xy I{| X| > 0f (F)})

=
Il
—
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where the last sum is finite by (a) and (b). Hence the proof follows from Kronecker’s

lemma. O

Lemma 5.4. Under conditions (a)—(c) we have

log log s,

5 (s2 —s%) =0 as.
Sn

Proof. According to Lemma 5.2 it suffices to show that

f(n) (2 —s2%) =0 as.

We can write

sn=sn = ) (BIX{IFia] = BIX{P | Fia])
k=1

+ ) (BIX|Fieo] = BIXGP(F L)) = S, + S0 (say).
k=1

A straightforward calculation shows that
|BIXE = X3 Feall
< BIXGI{IXx| > 6f (k)} Frr] + (BIXI{| Xe| < 0f (B)}HFA))?
2| E[X I Xk| < 0 f (k) HP || EIXG {1 X5| < 0f (k)R]
< E[XPI{|Xx| > 6f (k) }Fua] + 30.f (k) E[| Xi I{|Xk| > 6. (k) }F_y).
Thus Lemma 5.1 and (b) in connection with Kronecker’s lemma imply that
f(n)72S) -0 as.
It remains to prove
f(n)™252 -0 as.,
which follows immediately from Lemma 5.3. [

By a standard argument in this theory we can assume that for some 0 <a <1 <2 <

b< oo

av/loglogt < p(t) < by/loglogt. (5.10)
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Hence we can assume without loss of generality that the function ¢ which occurs in
Theorem 5.1 tends to co. If ¢ is some nondecreasing function with lim; ., p(t) = 0o

than we can write

9 1/2
o(t) = @(t) + % with () = wét) + (‘Of) - 1) , (5.11)

if p(t) > 2. It is very easy to see that I(¢) = oo if and only if I(¢) = co. The

next lemma shows it is enough to consider only functions ¢ which are in some sense

smooth.

Lemma 5.5. Assume that I(p) = oo(< o0). Then there is some ¢ > o(< @) and
some absolute constant A such that I(p) = oo(< 00) and

o) - o < A- Py i palnEul£0 G12)

Proof. We assume that I(¢) = oo. Define

Since ¢ is monotone we have

p(z) < ¢lx) < ¢(22).

We can also assume that ¢ is trapped as in (5.10) and therefore it follows that for

some ¢ > 0

2 <
2b — p(cx)

By simple analysis we get that [

H(x) — Gly) = (% _ 5) /:m ot dt + i (/2 o(t) dt — /;ygo(t) dt) |

Using that ¢ is monotone, (5.13) and the condition on = and y we get immediately
that

for all x> zo(c). (5.13)

—~

$) = oo. Next we write

R R x—y 166 |x — y| .
60 — o)l < 45 Hpan) < Mg,
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The case I(p) < oo can be treated similarly by defining

o) = [ "ol dt.

/2

Assume that we can show (5.21) for functions that satisfy (5.12). Now if I(y) = oo
it follows that I(¢) = oo and thus

1 = P(S; > ¢(sy)sy, 1.0.) = P(Sk > ¢(s)sk 1.0.) < P(Sp > ¢(sg)sk 1.0.).

An analogues result holds if I(y) < oo. O

5.3 Proofs

We first observe that
| X ] < s K, (5.14)

where K,, = 2f(k)/s;, ie. K, € Ff |, K,s! / oo and by Lemma 5.2 K, — 0.
Following Einmahl and Mason [38] we can assume that the sequence (X}) is defined

on the probability space of some standard Wiener Process {W (t), ¢t > 0} such that

Sy =Wy, where T, = Z Tims (5.15)

m=1

where 7,, are non-negative and F:_; measurable for each n > 1 and
Elr|Fi_| = EIX;}|Fr_)] as. (5.16)
Also we have for any r > 1
Elrl|Fi ) < LEXY|F] as, (5.17)
where L, is some constant which depends only on r and moreover, for T,, <t < T,
W () = W(T)| < 551K (5.18)

The following important lemma is implicit in the proof of Theorem 1.1 of Einmahl
and Mason [38].
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Lemma 5.6. Assume that {X*, Fr n > 1} is an MDF with finite variances such
that s;, = S, E[X;?|F; ] — oo. Assume further that (5.14) holds with some

12 Finally let T, be given as in (5.15). If there exists some

K, ~ const - (loglog s¥ )~
positive constant K such that
log1
lim sup wﬁ —s'| <K as, (5.19)
s*

n—00 n

then for every positive and nondecreasing function ¢

L if I(p) =

P(S; > spp(sy) i0.) = { 0 if I(0) < oo

Proof. We note that we implicitly assumed that S is defined on the same space with
some Wiener process {W(t), t > 0} such that (5.15) holds. Of course we can use the
Skorokhod embedding from above and hence this is no loss of generality. We note
that our assumptions imply that s} ~ sy.,. Thus it follows from (5.18) and (5.22)
below that for T,, <t < T, ., and for sufficiently large n

W (t) — W(T,)| <2vt/(loglogt)"? as. (5.20)

Now the proof of Theorem 1.1 of Einmahl and Mason [38] can be taken almost
verbally, observing that the argument still goes through if their equation (2.6) is
replaced by (5.20). O

Proof of Theorem 5.1. The proof will be divided into two steps. In the first step we
will show that the integral test holds for the truncated MDS { X}, F; ; k > 1}. Then

we will show that
P(Sp > o(s2)sp 1.0.) = P(S; > @(s{%)s; i.0.). (5.21)
Step 1. By Lemma 5.2 and Lemma 5.6 it suffices to show that
1T, — %% =0 (f(n)?) as. (5.22)

Using the explicit expression of s*? and (5.16) we have

n

_ZTk_ [(Xi2Fe)) = Z(Tk—E[Tﬂfg_l]) a.s.

k=1
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By (5.17) we get

> Fk) T E(n — Bl Fry)?

00
k=1

IN

i f(k) BT < Ly f: f(k)EX
k=1

k=1
and hence by the arguments in the proof of Lemma 5.3 the last series is convergent,
showing relation (5.22).
Step 2. Define ¢ as in (5.11) and set
Sk
5(st)

Then we have on the one hand

Ry, = + (@(sp)se — @(s12)sp)-

P(Sk > op(s3)sy, i.0.)
= P(S; + S;* > ¢(s3%)st + Ry, i.0.)
< P(S; > ¢(s:?)st i.0.) + P(|S;*] > Ry i.0.).
and on the other hand
P(S > p(s3)sy i.0.)
> P(S; > ¢(si”)si + | R — S| i.o.)
= P(S; > ¢(si.”)si + spp(si”) ™+ [ R — S| 10.).

We show now that

P(|S;*| > Ry i.0.) =0 and |Rx—S;"| < (e ; 1>52g:3(522)’1(1+0(1)) a.s., (5.23)
for some large enough x, which implies in view of the forgoing estimates that
P(Sp > ¢(s;.”)st + rsip(sp)) " 1)
< P(S > ¢(s3)sy, 1i.0.) < P(S; > ¢(s5%)sh 1.0.).
Since I(p) = oo if and only if I(@) = oo and I(¢+ k/P) = oo we get (5.21). We have

to prove (5.23) and start with showing that the dominating part in Ry, is s,/@(s?),

ie. L
@(Sk)
Sk

*

(@(si)sk - @(sf)si) — 0 a.s. (5.24)
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In view of Lemma 5.2 and

S(2Y (2 _ o*2
~ ~( % * @S Sp — S * ([~ ~( %
Psse — psi7)si = PO | ) — p(si)
kT Si
this will follow if
p(s7)? 2 x2 2V (32 5 o2
(s —5:) — 0 as. and @(si)(P(sk) —@(s17)) — 0 as. (5.25)

Sk
Now the first part in (5.25) follows from Lemma 5.4 and (5.10). By Lemma 5.5 it
suffices to prove (5.21) for the smoothed version of p. Hence without loss of generality
we can assume that ¢ satisfies (5.12). Clearly, since s;* ~ s7 the intervals [s?,2s?]
2.2s%?] will not be disjoint for any k > ko(w), where ko is almost surly finite.

Thus we get from (5.12)

and [s

*2 16b @(82)2 2 *2

2 2 (Sk — 57 ) for all £ > kfo,

Ps)(P(sk) — (7)) < == 2

where the righthand side tends to zero as we have already noted. In order to proof
the first relation in (5.23) it suffices to show

1S = o (%) a.S. (5.26)

k
which by Lemma 5.2 and (5.10) will follow if

1S = o (f(k)) as. (5.27)

It easy to show that F|X;*| < 2 E|X;|I{|Xk| > 0f(k)} and hence (5.27) follows from

(b) and Kronecker’s lemma.

Since we proved that |S;*| = o(Rx) a.s. we have in consideration of (5.10)

[ — S| = [Ril(1+0(1))
Sk b s;
= (14 o(1) < 2=k _(140(1) as
(st) a p(st?)
This shows the second relation of (5.23). O

Proof of Theorem 5.2. 1t is shown in Jain et al. [65, Lemma 4.1.] that under the

assumptions of Theorem 5.2 conditions (a)—(c) are satisfied. O



Chapter 6

The functional CLT for augmented
GARCH sequences

6.1 Preliminaries

6.1.1 Definitions and existence conditions

The seminal work of Engle [39] gave a new impact to the theory of time series analysis.

Engle introduced the ARCH (autoregressive conditionally heteroscedastic) process,

which allows the conditional variance of the time series to change as a function of

past observations. Since then, this model and its extensions has been widely used

in econometrics to describe financial data with time varying volatility. One of the

most popular models is the GARCH (p, ¢) process introduced by Bollerslev [21]. A

sequence {y, —00 < k < oo} is a GARCH (p, q) process if it satisfies the equations

and

where

Yk = OkEk (6.1)
or =w+ Z Bior_; + Z @jyz_j, (6.2)
1<i<p 1<j<q

92
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and {e,—00 < k < oo} is an i.i.d. sequence of real r.v.’s. Bougerol and Picard
[23] found necessary and sufficient conditions for the existence of a unique strictly
stationary solution of (6.1) and (6.2).

Despite the wide applicability of the GARCH (p, ¢) model, the quadratic dependence
of the volatility o7 on past values of the process is often unrealistic. In typical stock
market situations, large negative y;’s can have a totally different effect on the volatility
than large positive values; also, the dependence of the volatility on ¥, can have a
threshold character, and it can be markedly non-quadratic even for positive y;’s.
Starting with the exponential GARCH (EGARCH) of Nelson and the asymmetric
GARCH (AGARCH) process of Engle and Ng, in the '90s several extensions of the
GARCH model were introduced to deal with ’special effects’ of the above kind. See
Section 6.1.2 below for examples. In 1997, Duan [37] unified the theory by introducing
the so-called augmented GARCH process, containing most of the above mentioned
models as a special case. A sequence of r.v.’s {yg, —00 < k < oo} is called an
augmented GARCH (1, 1) sequence if it satisfies

Yk = OkEk (6.4)
and
A(oy) = c(er-1)Mog ) + gler-1), (6.5)
where
{ek, —00 < k < 00} is an i.i.d. sequence, (6.6)

A(z), ¢(x) and g(z) are real-valued and measurable functions and
A (z) exists. (6.7)
Obviously the GARCH (1, 1) model of Bollerslev [21] satisfies (6.4)-(6.7). Nelson [83]

showed that if p = ¢ = 1 and FElog" (3 + a;e2) < oo, then a strictly stationary
solution of (6.1) and (6.2) exists if and only if

Elog(ﬁl + (1/183) < 0.

Moreover, this solution is unique. The following result of Aue, Berkes, and Horvath
[5] extends this result for augmented GARCH (1, 1) sequences.
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Theorem D. Assume that (6.4)-(6.7) hold. If
Elog|g(eo)| < 00 and Elog" |e(g)| < o0 (6.8)

and
Eloglc(eg)] <0 (6.9)
then the unique strictly stationary solution of (6.4) and (6.5) is given by
Ao?) = glew—i) [ elen-y), (6.10)
i=1 1<j<i

where the series in (6.10) is almost surely convergent. If in addition
P(g(e0) =0) <1, c¢c(e0) >0 and g(g9) >0 (6.11)

hold, then (6.9) is also necessary for the existence of a strictly stationary and non-
negative solution of (6.4) and (6.5).

Nelson [83] showed that for a GARCH (1,1) process we have E|yo|*’ < oo (p > 0) if
and only if F(3; + aye2)? < 1. Aue et al. [5] provide conditions for the existence of

moments of augmented GARCH sequences. We state their result below.
Theorem E. Assume that (6.4)-(6.7) hold. If for some p > 0
Elg(g0) " < o0 (6.12)

and if
Ele(eg)|* < 1, (6.13)

then E|A(c2)|* < oo. On the other hand, if the the series in (6.10) is convergent,
(6.11) holds and if E|A(c3)|* < oo, then (6.12) and (6.13) are satisfied.

Remark 6.1. Note that from Jensen’s inequality and (6.13) it follows that (6.9)
holds. Hence from Theorem D we conclude that (6.12) and (6.13) imply the existence
of a unique stationary solution of (6.4) and (6.5), where A(o}) is given by (6.10).
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6.1.2 Examples

Duan [37] and Carrasco and Chen [26] gave several examples of augmented GARCH
(1,1) type processes appearing in the literature satisfying (6.4),(6.5) and (6.7). For

the convenience of the reader we give a brief overview.

Example 6.1. The GARCH (1, 1) model introduced by Bollerslev [21] satisfies
Az) =2, c(z)=B+ar® and g(z)=w,

with w > 0 and «, 6 > 0.

Example 6.2. In the asymmetric power ARCH (1,1) model (APARCH) by Ding,
Granger and Engle [35] we have

AMa) =20, e(2)=F and g(z) = w+a(lz] — pz)?,

where w,§ > 0, |u| < 1and o, § > 0. If § = 1 this model is referred to as asymmetric
GARCH (AGARCH).

Example 6.3. The threshold GARCH (1, 1) model (TGARCH) is defined by
Az)=2° c(z) =B+ a1(2?) a0y + @2(7%) I50y and  g(z) = w,

where w,d, 7 > 0 and ag, 3 > 0. The special case § = 1/2 was proposed by Taylor
[107] and Schwert [98] and includes the threshold model of Zakoian [111]. If 6 = 1
this is the GJR-ARCH model by Glosten, Jagannathan and Runkle [50].

Example 6.4. The quadratic GARCH (1,1) (QGARCH) was considered by Engle
and Ng [40] and Sentana [99]. It is given by

Az)=2, c(x)=p and g(z)=w+alzr+p)?
where w > 0 and «, 5 > 0 and p is some constant.

Example 6.5. The nonlinear symmetric GARCH model (NGARCH) was introduced
by Engle and Ng [40]. It satisfies

Az) =z, c(x)=p8+alr+p)? and g(z)=w,

where w > 0 and «, 6 > 0 and p is some constant.
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Example 6.6. Carrasco and Chen [26] introduced the power GARCH (PGARCH)
model. The PGARCH (1, 1) model is defined by

Az) =2, e(x) =P +a(=®) and g(z)=w,
where w > 0 and «, f > 0 and p is some constant.

Example 6.7. The smooth transition ARCH (1,1) model (STARCH) of Hagerud
[51] is given by

Az)=2, c(z)=p and g(z)=w+ (a; + axF(z))2?

where w > 0, # > 0 and F(z) is a so-called transition function. In all the examples
given so far we have A(z) = 2° and thus they are called polynomial GARCH. The

last two examples are referred to as exponential GARCH.

Example 6.8. Geweke [48] defined the multiplicative GARCH (MGARCH):
Az) =logz, c(z)=pf+a and g(z)=w+alogzs’

Example 6.9. The exponential GARCH model (EGARCH) was defined by Nelson
[84]. Here we have

A(x)=logz, c(z)=pF and g(z)=w+ a1z + as|z|.

6.2 Results

Statistical inference based on GARCH sequences often requires the establishment of

functional central limit theorems (FCLT’s) for partial sum processes like

SU0) = 5 3 ()~ Bf )

1<i<nt
or

20 =5 3 (fo) ~ Bf(oo)).

1<i<nt
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For example, to derive the asymptotic distribution of the CUSUM or MOSUM statis-
tics in the theory of change-point detection, a functional CLT is needed. For ordi-
nary GARCH processes, several authors obtained FCLT’s for S/ (¢) with f(z) = =,
f(x) = |x] or f(x) = 2 under various conditions. Berkes et al. [16] observed that in
the special case f(x) = x and Egy = 0, the desired result follows from a FCLT for
ergodic martingale difference sequences (cf. Billingsley [19, Theorem 23.1]) under
the optimal condition Fy2 < oo. However, if Fyy # 0 or if we are e.g. interested in
the squared GARCH sequence, the martingale structure does not apply. Without this
special property, all existing results in the literature impose unnecessarily stringent
conditions on gy and yo. For example, Hansen [52] used the NED (near-epoch depen-
dence) property of GARCH (1,1) processes to derive a FCLT and later Davidson [34]
used a similar approach to get an FCLT for GARCH (p,q) processes. Both authors
require Ey; < oo. If (yx) is a GARCH (1,1) sequence with Fe? < oo, then the y?
satisfy another known weak dependence criterion, the so called (0, £, 1)) dependence.
(See Nze and Doukhan [85] for details.) Assuming that Elyo|® < oo for k > 8, this
implies a FCLT for the squared GARCH sequence (y?), see [16, Theorem 2.9].

Technically, the existence of moments of yq is a restriction on the parameters in the
GARCH model. But with the exception of p = ¢ = 1 and for moments of even integer
order, in the GARCH (p,q) model no explicit formula exists for the moments of ¥,
in terms of the the values of o; and §; (cf. Ling and McAleer [74]). Also, in many
important practical applications, no moments of y, beyond the second exist. For
example, in the GARCH (1, 1) case it occurs frequently in practice that the estimates
for the parameters o and S fall close to @ + 3 = 1, in which case we already have

Ey2 = oco.

A possible way to weaken the moment assumptions is to verify uniform mixing prop-
erties of y,. and to utilize FCLT’s for mixing sequences. For example, Carrasco and
Chen [26] verified f-mixing with exponential decay for augmented GARCH sequences
under assuming only finite second moments. Together with Theorem 5.1 in Nze
and Doukhan [85] this implies the FCLT if E|yy[*™® < co. Apart from the non-

expressibility of this moment condition in terms of the parameters c; and 3; of the
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GARCH process, this approach also requires the existence of a continuous positive

density of €, on R.

The purpose of this chapter is to prove the FCLT for augmented GARCH (1, 1) and
GARCH (p,q) sequences under optimal conditions. Specifically, we get an FCLT for
SI under E f(yy)? < oo, a condition which is also necessary. Our proof also provides
the FCLT for ZJ(¢). Further, will give an almost optimal Berry-Esseen type bound
for the rate of convergence in the ordinary CLT under finite third moments. The

choice of f will comprise power functions, i.e.
f(x)=2" or f(z)=lz|" (v>0). (6.14)

We will only consider augmented GARCH sequences with A(x) = z° (§ > 0) and
A(x) = logx. This special form of A is motivated by the Box-Cox transformation of
the observations and it covers all the examples given in the last section. We forgo
a more general setting, which is possible, but which would force us to make more

restrictive moment assumptions.

Theorem 6.1. Assume that (6.4)-(6.7) and (6.10)-(6.11) hold. Assume further that
A(z) = 2° (6 > 0) and that (6.14) holds with some v > 0. If Ef(yo)? < oo, then

78 = Var f(yo) +2 ) Cov(f(yo): f(u)) (6.15)

1<k<oco

15 convergent and

St -5 T (1)

where {W(t), 0 <t <1} is a Brownian motion.

Here —% means convergence with respect to the Skorokhod metric in the space DJ[0, 1].
In case of polynomial GARCH processes the left hand side of (6.5) is always positive,
and thus it is natural to assume (6.11). Note however, that ¢(g9) > 0 and g(eg) > 0
are not necessary in order to get A(o?) > 0. A non-trivial example is g(z) = 1 and
the distribution of ¢(g) is concentrated on the interval [—1/2,0].

It follows from the definition of f and A that E|f(yo)|*> = Ely|* < oo if and only
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if Eleg|? < oo and E|A(02)|"/° < oc. Since we assume (6.10) and (6.11) we get by
Theorem E that
Ele(e0)]"”’ <1 and  E|g(g)|"”° < 00 (6.16)

are necessary to assure E|A(02)|"/? < co. In particular when the y;, are GARCH (1,1)
variables, we obtain FCLT’s

1
— (e — Eye) -5 mW(t)
n k=1
or
— Y (4} — Eyp) = nW(t) (6.17)
Vi =

(here 7¢, 75 are the corresponding variances arising from (6.24)) under the necessary
conditions Ey? < oo respectively Eyl < co. As we noted above, a FCLT (6.17) was
obtained by Berkes et al. [16, Theorem 2.9] under the condition E|yo|® < oo with

some Kk > 8.

Theorem 6.2. Assume that (6.4)-(6.7) hold. Assume further that A(x) =logx and
that (6.14) holds with some v > 0. If Elgo|*” < oo,

le(eg)| < e < 1 (6.18)
and if the moment generating function
M(t) = Eexp(t|lg(eo)|) ewists on the interval [0, p], (6.19)

with some p > v then the proposition of Theorem 6.1 holds.

It follows from Theorem D that (6.18) and (6.19) imply the existence of a unique
strictly stationary solution of (6.4) and (6.5), where A(0?) is given by (6.10). In order
to connect the assumption of Theorem 6.2 with specific moment conditions for the

GARCH variables we formulate the following result.

Proposition 6.1. Assume that (6.4)-(6.7) hold and that A(x) =logx. If Elgo|* <
oo and (6.18)-(6.19) are satisfied, then

Elyo|* < oo. (6.20)
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On the other hand if (6.10) holds and if g(g9) > 0, ¢(g¢) > 0 then (6.19),
P{c(gg) <1} =1 (6.21)

and Eleo|* < oo are necessary to assure (6.20).

Proof. By the definition of A we have
Elyo|* = Eleo|* E exp(pA(a7)).

Form (6.18) we get
Ag) < Y @ Mgled)l:

1<i<oo

This shows that

Eexp(uh(o)) < [ Eexpluc™lg(e-)l)

1<i<oo

<igEexp(ulgle—))+ [ Eexplucg(z=i)l), (6.22)

10 <2<00
where the individual terms in the product above are finite by (6.19). If ¢ < u/2 we
get from Taylor’s formula and the Cauchy Schwarz inequality that

Eexp(tlgleo))) < 1+tE(lg(zo)|exp(u/2lg(c0)]))
< 1+ tE(|g(=0)[) (B exp(ulg(o)])
= 1+1tA,

with some positive constant A. Now choose iy such that puc®® < /2. Then it follows
that

H Eexp(ucg(e-:)])

10 <1< 00

< H Eexp(gci]g(&?oﬂ) < exp (Z log(1 + A% c’)) < 0.

0<i<oo 1=0

To prove the other direction we first note that without E|eo|?* < oo (6.20) trivially
fails. By (6.10) and the nonnegativity of c¢(g¢) and g(g¢) it follows that

Elyo|* = Eleo| E exp(1uA(05)) > Eleo| ' E exp(1g(e0)), (6.23)
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and hence (6.19) is necessary. Further it is clear from (6.23) that A(c2) must have
moments of all orders. If we assume that (6.21) does not hold, then there is some
d > 0 and some « > 0 such that P{c(g9) > 1+ 6} = a. Consequently Fc(gg)? >
a(l +0)P > 1 for sufficiently large p. By (6.10) and the assumption c¢(gg), g(g9) > 0

we have
1

EA(a2)P > Z Eg(so)p(Ec(eo)p)F = 00

i=1

which contradicts to EA(02)P < oo for any p > 0. O

Theorem 6.3. Assume that (6.3), (6.6) hold. Assume further that (6.1) and (6.2)

have a strictly stationary solution with Ey? < oo. In this case the sum

7 = Vary, + 2 Z Cov(yo, Yx) (6.24)

1<k<oo

18 convergent and
S(t) -5 7W (1)

where {W(t), 0 <t <1} is a Brownian motion.

If follows from Bollerslev [21] and Bougerol and Picard [23, p. 122] that a strictly

stationary solution satisfying Ey2 < oo exists if and only if
Eef < 00 (6.25)
and
(14 +ap)Eeg+ B4+ B, < 1. (6.26)
Moreover, in this case this stationary solution is unique, ergodic and nonanticipating.

Having established the central limit theorem for the partial sums of various GARCH
models, it is natural to ask for the normal approximation error. We will obtain the

rate of convergence of

Sn(f) = Fly) + -+ fyn) = nEf(y1)
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to the normal distribution provided that ms(f) = E|f(y1)|*> < oo. For notational
convenience we will write S, instead of S,(f) and we set B2 = B,(f)? = var S,(f)

and
n—1

o7 =02 (f) =var f(yo) + 2> (1= j/n)cov(f(y1), f(yj+1)).

Jj=1

: 2 _ 2
i.e. 02 = B /n.

Theorem 6.4. Assume that (6.4)-(6.7) hold and that f(x) is defined as in (6.14). If
we assume that

(I) AN(z) = 2°, (6.10)-(6.11) hold and E|f(yo)|* < 0o or if

(II) A(x) = logz, Eleo|* < oo, (6.18) holds and (6.19) is valid on the interval
0,34/2] with some u > v, then

limo, =: 0 exists (6.27)

and if o > 0 then there is some C' > 0 such that

1 2
|P{S, < zB,} —®(z)| < CM for alln > 2 and x € R.

n

The constant C' may depend on f, A, ¢, g and the law of &y.

The additional assumptions in Theorem 6.4 compared with Theorems 6.1-6.2 arise
from the requirement that E|f(y;)|> < oo which is the classical assumption in the
context of Berry-Esseen bounds. The existence of the limit in (6.27) follows from The-
orems 6.1-6.2. The rate (logn)?n~1/2 coincides with that obtained by Tihomirov [108,
Theorem 2| for sequences which are f-mixing with geometric rate. The proof of The-
orem 6.4 is based on a Berry-Esseen bound for m-dependent sequences also due to
Tihomirov [108, Theorem 5]. Again it becomes clear that m-dependence rather than
[-mixing is the crucial structural property required in order to study the asymptotics

of augmented GARCH variables.

6.3 Applications

In this section we shall give three important applications of our results.
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Example 6.10. The CUSUM (cumulative sum) statistics defined by

is one of the most often used statistics to test for the stability of {y;, 1 < i < n}.

Under the assumptions of Theorems 6.1- 6.3

Cn D

where {B(t), 0 < t < 1} is a Brownian bridge and 7 is defined by (6.24). The
MOSUM (moving sum) version of C,, is

M, = max

nh<k<n ’

Z Yi — h Z Yi

k—nh<i<k 1<i<n

where 0 < h < 1. Under the conditions of Theorems 6.1- 6.3

Mi D p 1B = B(t— h)]. (6.29)

nl/? h<t<1

In order to use (6.28) and (6.29) we need to estimate 7. One could use, for example,
the Bartlett estimator (cf. Giraitis et al. [49]).

For a review on CUSUM and MOSUM we refer to Csorgd and Horvath [32]. Zeilis et
al. [112] provides a comparison between CUSUM and MOSUM.

Example 6.11. CUSUM as well as MOSUM require the estimation of 7. The es-

timation of 7 is not needed, however, if ratio based statistics are used. Following
K1) :
=q————+ ma
" (n(1 — £))1/2 niskan | & (1 ,
nt<i<k nt<i<n

Kim [66] and Taylor [106] we define
1 k
/ { B | D By D }
1<i<k 1<i<nt
If the conditions of Theorem 6.1- 6.3 are satisfied, then for any 0 < § < 1/2

_ toN1/2
Kn(t)M<—> sup

1% t<s<1

k —nt
Z yi_n——nt) Z Yi

W(s)—wit)— St

(W(1) - W)

/osggzt W(s) — %W(t)‘
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Functionals of K, (t) can be considered as ratio based versions of the Kwiatowski et
al. [68] test.

Example 6.12. Starting with o = 0 we define
T =01 +y 1<k<o0.

We assume that Fey = 0. The least square estimator for g is given by

If p =1 (unit root), then under the conditions of Theorem 6.1- 6.3

n(on — 1) — (/ W (s)dW (s > /W2 (6.30)

The result in (6.30) is the asymptotics for the Dickey—Fuller test with augmented
GARCH or GARCH (p, q) errors. The same result was obtained by Ling Li and
McAleer [73] assuming GARCH (1,1) errors, Fej < oo and the existence of a sym-

metric density of &.

6.4 Proofs

Since

op = A_1< Z 9(€k—i) H C(gk—j))

1<i<oo 1<j<i
should always be a non-negative real number, we assume either that g(gg), c¢(g9) > 0
and A~!: RT — R* or that A=! : R — R*. We may define now

Ykem = EkTkm, (6.31)

where o7, is the solution of

Aet) = D o) [T elers). (632

1<i<m 1<j<i
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It follows that y,, defines an m-dependent sequence. Setting n, = f(yx) — Ef(yo)
and Nkm = f(Yrm) — Ef(yo) we get

> 1m0 = 1om|l2 < oo (6.33)
m=1

Hence Theorem 6.1 and Theorem 6.2 will follow immediately from Billingsley [19,
Theorem 21.1]. The same approach we will use for the proof of Theorem 6.3. The
difficulty we were facing is that for GARCH (p, ¢) models there seemed to exist only
a series representation in terms of matrices (cf. Bougerol and Picard [23]) and no
explicit recursion formula as we have at the augmented GARCH (1,1) model. Em-
ploying the matrix representation we were not able to obtain (6.33) under assuming
only Ey? < oco. However, we show that it is possible to give an explicit recursion
formula for the GARCH (p, q) variables as well and via this representation we will
obtain (6.33) assuming only the existence of second moments of y,. It is also worth
noting that our approach is similar to the NED approach by Hansen [52] or David-
son [34] for ordinary GARCH sequences. Here the approximating functions 7y, are

chosen to be conditional expectations
Nom = Elyolo(co,€-1,- - e-m)]-
In order to prove Theorem 6.4 we use a result due to Tihomirov [108, Theorem 5.],
which provides a Berry-Esseen bound for m-dependent sequences.
6.4.1 Perturbation error

Lemma 6.1. Assume that the conditions of Theorem 6.1 hold. Set

e = f(ye) — Ef(yo) and  mm = f(Yrm) — Ef(%0)- (6.34)

Then there are constants C7 > 0 and 0 < o < 1 such that

Bk — mem|? < C1o™  (m > 1).
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Proof. We assume without loss of generality that k = 0. Remember that A(z) = 2°

and f(z) = 2. By our assumption (6.11) A(0%,) is non-negative and thus we have

mo— 0w ? = ol | (A 0 A0D) " — (A 0 A3 [
< J=of| (A~ oA(ag))” - (a7 oA<agm))”) (6.35)
— |eo[2| A(02)/0 — A(agm)”/‘s’. (6.36)

Let us first consider the case /6 < 1. From (6.10) and from Minkowski’s inequality
(Hardy et al. [53]) we infer

-~ v/
[A(09)" = Mop,)"°| < (Z ge=) I C(f:‘j))

i=m+1 1<j<i
< Z B u/(S H 1//(5
i=m+1 1<j<i
Hence it follows from (6.25) that
Elno = nom|* < Eleol® Y Eg(e_)"" ] Ee(e—j)"° < cro}',
i=m+1 1<j<i

with some constant ¢; > 0 and ¢, = Fe(g)"/° < 1.

If v/0 > 1 then by the mean value theorem (6.36) is bounded by

ool <[ A(R)[ "

A(05) = A5)]-

From this we get by the Holder and the Minkowski inequality that

E|770_770m|2
” d 0o l//(s 5/1/
< < Bl (BIA@DI") (E( > o= I1 c(e_j>) )
i1 1<j<i
< Y < (e=)”* ] Ecle ”/5) < (o)™
i=m-+1 1<5<4
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Lemma 6.2. Assume that the conditions of Theorem 6.2 hold and let n, and ng,, be
defined as in (6.34). Then there is some Cy > 0 such that

Elng — em|* < Coc™  (m > 1), (6.37)

Proof. Assume again that &k = 0. We can formally derive (6.35) which reads here as

[0 — Nom|? < leo|* [ 1870 — ¥ 18 %0m|. (6.38)
By the mean value theorem we get
|e”102‘5"g — e”logggm| < 1/(6”10“5"g + e”log"gM)| log 03 — log a§m|. (6.39)

Since ¥ < p we can find some ¢ > 0 such that v(1 + {) < p. It follows from
Proposition 6.1 that

Eeu(lJrC) log o < 00
)

and similarly we get
Ee(1+0108%8m < o,

Thus the Holder inequality and the Minkowski inequality give

vlog ol 2 2
Ee" 8% |log og — log o,

< (Ee”(”C) log ,,3) o (E| log og — log 0(2)m|(1+0/<> o
1/(14¢) O+ S
< ( Eey(1+§)loga§) ( Bl g(go)|(1+o/<> Z A1 (6.40)
1=m+1

m
SCIC )

where we used (6.18) to get (6.40). The analogue result can be obtained if we replace
exp (vlogo?) by exp (vlogo? ). Consequently we get from (6.38) and (6.39) relation
(6.37). O

As we mentioned in the introduction for the proof Theorem 6.3 we need an explicit

series representation of for the GARCH (p,q) variable. This can be obtained in
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following way. We can assume without loss of generality that p = ¢. Applying (6.1)
and (6.2) we get that

ogd=wt Y (Bt )or, (6.41)

1<i<p
Repeated application of (6.41) yields
oi=w+tw Z (ﬁil + ailgi_il)
1<i1<p

+ Z (611 + O‘hngil) (ﬁw + Oéﬁnghfiz)azfil*h

1<y ia<p

and more generally for n > 2

n—1 m
o= <1 ST 6+ a))

m=11<i1,....im<p j=1

+ Z H(ﬁij + aijgi—il—izm—ij)O—/%—il—iz—m—ij' (6.42)

1<i1,0nyin <p j=1

This suggests as solution of (6.1) and (6.2)

(it X% fnred.. ) os

1<m<oo 1<, im<p j=1

Since

E< Z H(ﬁl] + Oéijgiillé"'ij)) - f)/m

1<i1,00im<p j=1

with 0 < v = (g + -+ ap)Ee + B + -+ + 3, we get by (6.26) that the random
variable on the right hand side of (6.43) is finite with probability one. It is easy to
see that the right hand side of (6.43) defines a stationary and ergodic solution of the
GARCH equations (6.1) and (6.2) and by Bougerol and Picard [23, Theorem 1.3] this

solution is unique. (It is simple to prove uniqueness anew by using (6.43).)

Every positive integer m can be written as

m = pK +r, (6.44)
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where K, r are integers satisfying K > 0 and 0 < r < p — 1. Next we define

U;%m =w (1 + Z Z H (5@7 + aijgz—h—iz—"'—ij))

I<ISK 1<ia,..,yi<p 1<j<I

where K is defined in (6.44). (We define 07, =w if K =0,i.e. 0 <m <p—1.)

Lemma 6.3. Assume that the conditions of Theorem 6.3 hold and set n, = yr — By

and Ngm = €x0km — Eyx. Then there is a constant C3 such that
Ene — mim|? < C3y™  (m > 1),
with v = (1 + -+ ap)Eeg 4+ B1 + -+ + By

Proof. Again we may assume that £ = 0. We have

70 — Tom| = |€0] |00 — Tom| < |e0| (o5 — 05,,) "

1/2
(2T Tratans)”

K4+1<l<o0 1<i1,yii<p 1<j<I

IN

By (6.6) and the independence of ¢y and oy, it follows that

E(ﬁo - UOm)z

< wEggE( Z Z H (@j + aij€2¢1¢2---ij)>

K41<l<o0 1<it,...y<p 1<j<l

W K412
= Eeg.
1-— 77 0

6.4.2 Proof of Theorems 6.1 — 6.4

According to Billingsley [19, Theorem 21.1], for the proof of Theorems 6.1- 6.3 it is

enough to find measurable mappings g,, from R™ into R such that

> (Blo- €om)?) " < o0, (6.45)

1<m<oo
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where o = gm(E—ma1,E—mi2, - - -, €0). Clearly the r.v.’s ng,, defined in the lemmas of
the last subsection meet this demand and thus setting &g,,, = 10, shows Theorems 6.1
6.3.

Our main ingredient for the proof of Theorem 6.4 will be the following lemma due to
Tihomirov [108, Theorem 5.]:

Lemma 6.4. Let X1, X5, ... be a strictly stationary sequence of m-dependent random
variables with EX, = 0 such that

E|X1|* < oo.

Let B2 = varS, and 0 = EX}? +2> 0", EX1Xy. If 0 > 0 then absolute constants
Cs5 and Cy exist such that

b2 EV3 X3 mb, B3| X, 2 logn
3 +Ci 2 ’
ai\/n o’n

sup |P{S, < Byx} — ®(z)| < Cs
z€R
where by, = maxi<p<mi1 B3| P X

Suppose that the conditions of Theorem 6.4 hold. Let 7, be the same as in (6.34).
Now we want that the approximating process has expected value zero and thus we

redefine 7y, by
Nkm = f(EkO'km) - Ef(€k0km)-

By a routine argument we can extend the proof of Lemma 6.1-6.2 to show
Bk — Mem|? < Cs50™ forallm > 1 and k € Z. (6.46)

We choose some n which we assume to be fixed for the moment and set S}, = > 7' 7gm
and (B))* = varS!, with m = [tlogn|. The specific value of ¢ will be specified later.
Then clearly (nx;,) defines some strictly stationary and m-dependent sequence. Let

(0x) be a sequence of positive reals. A simple estimate gives
P{S, > xB,} < P{S], > (x — 6,)Bn} + P{|S, — S| > 6.B,}

and
P{S;L > (x4 0,)Bn} < P{S, > zB,} + P{|S, — S,’1| > 0,8}
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A repeated application of the triangular inequality together with the latter inequalities
shows after a moments reflection that

sup |P{S, < B,z} — ®(z)| < RY + R® + R®), (6.47)

zeR

where

R =sup |P{S], < Bu(x +6,)} — ®(2 + 6n)),

z€R

Rf) =sup |P(z + §,) — P(z)],

zeR

R® =P{|S, — S| > 6,B,}.

In the sequel we shall estimate RS, i = 1,2,3. We set 6, = n~/2 and get by the
mean-value theorem

R® < n=12/(2m)1/2, (6.48)
By (6.27) we conclude that 2B2 > o?n for all n > ngy. Since we assume that o > 0
we infer from the Markov and the Minkowski inequality and (6.46)

n 2
< (z B2y, — ykmw) /5

k=1

Sclnzgma

where ¢; can be chosen such that it is not depending on n. (The following constants
¢; occurring in the proof are independent of n as well.) Hence if ¢ > —5/log o we
have

R® = O(n~1/%). (6.49)

In order to estimate RS) we will use Theorem 6.4. For this purpose we need the differ-
ence between B,, and B],. By the Cauchy Schwarz and again Minkowski’s inequality

we derive
|B2 — (B,,)?| <E|S, — Sh||Sn + Sh| < e2( E|S, — Si1*)' /B,

n
< c3n'/? Z E1/2|yk — Y |® < ean®?o™? < esnY,
k=1



112

where the last inequality follows from the choice t > —5/log p. Using again 2B? > o?n

if n > ng we can reformulate the latter estimate to

B,
< (1—en)2 (6.50)

n

(1+esn2) V2 <

provided that csn™2 < 1. By routine arguments (cf. [88, Lemma 5.2]) it follows that

(p—1)/(2me)'/?2  ifp>1
sup [P(yp) — d(y)| < | Uy (6.51)
yeR (p~' —1)/(2me)/? if0<p< 1.
Trivially we have
R <|P{S), < By(v + 6,)} — ®(B./Bl(x + 4,))|
+ |®(B,/Bl(x +6,)) — ®(x +5,)] =: RV + R,
From (6.50) and (6.51) we get
R1Y = O(n72). (6.52)
It remains to show that
RM = O(n"?log?n). (6.53)

Observe that E|ni,|* < csE|f(y1)|® and that as consequence of (6.50) we have ¢’ ~ o,

where
[tlogn]

1/2
o = (Var Mim + 2 Z COV(ﬁlijm)) :
=2

Hence (6.53) follows immediately from Lemma 6.4. Finally (6.47) and (6.48)-(6.49)
plus (6.52)-(6.53) complete the proof of Theorem 6.4.



Chapter 7

Strong approximation of the
empirical process of augmented

GARCH sequences

7.1 Introduction and results

This chapter is devoted to the study of the empirical process of augmented GARCH

sequences. For this purpose we define

R(s,t)= ) (I{ye < s} — Py < s}).
1<k<t
We will derive an almost sure approximation theorem for R(s,t) by a two-parameter
Gaussian process K (s, t) under assuming only the existence of logarithmic moments of
the e; and c(ex), g(ex). Our result extends Theorem 1.1 in Berkes and Horvéth [15] to
augmented GARCH sequences. In particular, our result will yield a weak invariance

principle for the empirical process
1 n
7 2w < s} = Plu < sp) = B(s)
k=1

where B(s) is a Gaussian process whose covariance structure will be given below. In

order to formulate our main theorem, we introduce some regularity conditions which

113
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we refer to in the sequel.

) Ellog*g(eo)|)* < oo
(17) E(log™ |c(go)])* < o0;
(i) B(log* |eol) *272 < oo
(iv) Elg(e0)|" < oo and FElc(e)|* < 1;

We denote by A(d7) the truncated expansion of (6.10) at [k?] where 0 < p < 1 (see

(7.5)) and we assume
(v)  A(6}) >w with some w > 0;

Set h(z) = /A~ (xz). By (6.7) this definition makes sense. The last condition we

give imposes that i’ exists and there are constants C,~ such that
(vi) |W ()] < Cla|.
It will be convenient to define Yi(s) = I{yx < s} — F(s), where F(s) = P{yx < s}.

Theorem 7.1. Assume that (6.4)-(6.7) and (6.9) hold. Assume further that the
distribution function H(x) = P{eo < x} is Lipschitz continuous of order § > 0 and

Eoy? < 0. (7.1)

Assume finally that
(I) (i) — (4i7) hold with some p > 10 and (v) — (vi) are satisfied
or
(I1) A(z) =logx and (iii) — (iv) hold with some pu > 10.
Then the series

T(s,s)= Y EYp(s)Vi(s)) (7.2)

—co<k<oo
converges absolutely for every choice of parameters —oo < s,8 < oo. Moreover,
there exists a two-parameter Gaussian process K(s,t) such that EK(s,t) = 0 and
EK(s,t)K(s',t") = (t ANt')['(s,s") and that for some a > 0
sup sup |R(s,t) — K(s,t)| = O(Tl/Q(log T)™") as.

0<t<T seR
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Since ¢y and o are independent, we get from the Lipschitz continuity of H and (7.1)
that

[P{yo < @2} — P{yo < mi}| = [P{eo < xa/00} — P{eo < w1/00}]
E|H (z9/00) — H(x1/00)|

LE069’1'2 — Il‘g.

IN

IN

We summarize this in the following

Remark 7.1. Under the conditions of Theorem 7.1 the distribution function F(x) =
P{yy < x} is Lipschitz continuous of order 0. Consequently, F(yx) is uniformly

distributed on the unit interval.

Note that assumption (v) is satisfied in all the given examples for polynomial GARCH
(Section 6.1.2). It is not requested for exponential GARCH and the proof will show
that it can be omitted if 7 in (vi) is non-negative. Conditions (i) — (#i) with pu > 1
as well as (iv) imply (6.8). Hence by the assumptions of Theorem 7.1 the unique
nonnegative and strictly stationary solution of (6.4) and (6.5) is given by (6.10). A
sufficient condition for (7.1) is 09 > ¢ > 0 which is satisfied in all our examples for

polynomial GARCH processes. In case of exponential GARCH the conditions
el Se<1 and Eexp(8/2]g(eo)]) < oo
suffice to assure (7.1). To see this note that
Eoy® < Eexp(6/2|A(a3)]).
Hence we use the same arguments as in the proof of Proposition 6.1 to show that the

last term is finite.

An immediate consequence of Theorem 7.1 is the weak convergence of the empir-
ical process of y1,...,y,. Let B(s) be a Gaussian process with EB(s) = 0 and
EB(s)B(s') =T1'(s,s"). Then
1
W%HZUWéﬁd%wiﬂ%)mﬁw-

1<k<n
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As we pointed out in the introduction, our approach yields sharper results than
the theory of mixing. For example, Carrasco and Chen [26] verified [-mixing with
exponential decay for gy, an approach requiring the existence of a continuous positive

density of gy and Fey = 0, Fe2 = 1 and
lc(0)| <1, Ele(eg)] <1, Elgleo)] < oo. (7.3)

Together with Theorem 2 in Philipp and Pinzur [89] this yields the proposition of
Theorem 7.1. Clearly (7.3) is more restrictive than (i)-(iii). Also, our Theorem 7.1
does not require a positive and continuous density. In the literature special attention
has been paid to the IGARCH (1,1) process, i.e. GARCH (1,1) with E(3+ac?) = 1.
For an IGARCH process (7.3) does not hold, but Theorem 7.1 applies. It is worth
pointing out that the moment conditions (7.3) for ¢(g¢) and g(eg) are milder than
those of Theorem 7.1 in case of exponential GARCH.

7.2 Proofs

In the previous section we defined Yj(s) = I{yx < s} — F(s), s € R. By Re-
mark 7.1 F(yx) is uniformly distributed and thus it will be comfortable to define
Yi(s) := I{F(yx) < s} —s, s € [0,1]. Note that since F' is monotone we have
Y (F(s)) = Yi(s). Similarly we may define R*(s,t), I'*(s,t) etc. Once we prove
the analogue of Theorem 7.1 for R*(s,t) this will immediately show Theorem 7.1,
having the advantage that we only need to study the empirical process of uniformly
distributed r.v.’s. In order to make the notation not too cumbersome we shall agree

to omit the ”«” in the sequel and write Y (s) when we actually mean Y,*(s) etc.

This section is organized as follows. In Subsection 7.2.1 we will derive several esti-
mates on the difference between y; and yx,,, where yi,, is defined as in (6.31). We
use these estimates in order to obtain moment inequalities as well as probability

inequalities for the empirical process.

Now the rest of the proof will be structured as the proof of Theorem 1 in Berkes and

Philipp [17]. In Subsection 7.2.2 we derive upper bounds for the maximal fluctuation
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of R(s,t) and K(s,t) in some rectangle [sq, $1] X [to,?1]. Finally in Subsection 7.2.3
we construct the approximating Gaussian process on a special grid in [0, 1] X [0, c0).
We will show that the processes are ‘near’ enough on this grid. Together with the
afore derived bounds for the maximal fluctuation of R(s,t) and K (s,t) Theorem 7.1

will follow.

We agree upon denoting ‘local’ constants (within a proof) with ¢y, o, - - - and ‘global’

constants (within a subsection) with capital letters Cy,Cy, - - -.

7.2.1 Probability inequalities for the perturbation error

Lemma 7.1. Assume that (6.4)-(6.7) and (6.9) hold. Assume further that (i) and
(ii) hold for some p > 2. Then for any t >ty we have

P{|A(c2)| >t} < Co(logt)~W=2/2,

Proof. We set 71 = Elc(eg)| and v = FEloglg(eg)|. Let 0 < p < 1 such that
log o —v1 = a > 0. From (6.10) and the Markov inequality we get

P{|A(og)| > t}

<> P{lote-! T lete-)l > o1 - 010}

1<5<s

= > P{loglg(e—i)|+ 3 (ogle(ey)| =) > logt = c1 +illog 0 =)}

i=1 1<j<i
> logt
SZ {10g|g |—72+Z (log |c(e —j|—71)>7+ }
i=1 1<5<e
logt —H
SZEPOqu =7 2+1;<zlog' =)l =m)| (55 +ia)

if ¢ is large enough. Hence if (i) and (ii) hold for p > 2 we get by the Rosenthal
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inequality [88, p. 59] and some routine analysis

2. o[ logt s
P{IA(cd)| >t} < e ZZM& (Tg + m)

=1

logt o (122
< 032 ——I—za < Cp(logt) :

O

Lemma 7.2. Assume that (6.4)-(6.7) and (6.9) hold. Assume further that (iii) holds
for some p > 0. Then for any t > 0 we have

P{|A(c2)| >t} < Cot ™.

Proof. Let 0 < p < 1 such that o > FElc(go)|*. From (6.10) and the Markov

inequality we get

PA@)I > 1) < 3 P{lae-a) [T lee-)l > 1 - 00~}

o0

" (—i+1)
: Clt‘“EWO)'“Z(mf—n) '

i=1

From now on we define
y;c = 5k5k7 (74)
where ¢, is the solution of

(k]

ngk IT ctery) (7.5)

1<5<s

with some 0 < p < 1.

Lemma 7.3. Assume that (6.4)-(6.7) and (6.9) hold. Assume also that (i) and (ii)
hold for some p > 2. Then there are positive constants Cy and Cy such that

P{\A(Ui) — A(G)| > exp(—Clk”)} < Gk~ P22, (7.6)
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Proof. Observe that

k7]
A(o}) = AGR)| = [ ] leler-i)ll Aol

=1

Choose ¢; > 0 such that —¢; —v; > 0. From the stationarity of A(c?) we get
P{IAG}) = AGR)| > expl—c1/27) |

(k]
= P{H |c(er—i)| |A(or—re))| > exp(—c1/2 kp)}

i=1

[k*]
< P{Zaog e(eni)l =) > (—e1 = %)kp} + P{|A(o0)| > explei/247)}
i=1

and by the Markov inequality and again the Rosenthal inequality [88, p. 59] and

Lemma 7.1

(k7]

> (log le(er—i)| —n)
i=1

< C3]€fpu/2 + c4k”’(“’2)/2.

I

< FE k=Pt + P{|A(00)| > exp(c1/2 k”)}

]

Lemma 7.4. Assume that (6.4)-(6.7) and (6.9) hold. Assume also that we have
(1) — (i1i) for some p > 2 and that (v) — (vi) hold. Then there are constants C3, Cy > 0
such that

P{lyi = il > exp(—Cok?) } < Cohr=2172 (7.7)

Proof. The mean-value theorem gives
[k — il = lewl[R(A(07)) = R(A(G7))| = lexl|A(oR) — AR (€)]
where ¢ is between A(0?) and A(G3). Consequently (vi) implies

[y = il < ClenllAeR) = AGDI(IA@DI + MG
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It follows that
P{lye — yp| > exp(—c1/3k”)}
< P{2Cexl[A(07) ~ AGDIIAGD)" > exp(—c/3k°) |
+ P{2CIlIAG]) — AGDIIAGR > exp(—e1/347)}. (7.8)
Assuming that v > 0 we have
P{2CIe4]|A(07) = AGDIAGD] > exp(—ci/3k7) |
< P{log+ 20| > e1/3 kp} n P{|A(a,3> ~A@E2)] > exp(—ea k”)} (7.9)
+ P{IA(0})] > expler/(37) k) }.

Since |[A(G2)] < |A(o?)|+|A(c?)—A(G7)| we can use similar methods to estimate (7.8).
For an upper bound of the first probability in (7.9) we use the Markov inequality and
(23i). Thus if 4 > 0 the result follows easily from Lemma 7.1 and Lemma 7.3. If

v < 0 we can use (v) to carry out the proof in a similar way. O

Lemma 7.5. Assume that (6.4)-(6.7) and (6.9) hold. Let A(x) = logx. Assume
further that (iii) — (iv) hold for some p > 2. Then there are constants Cy,Cg > 0
such that

P{ka — yil > exp(—Csk”)} < Cek™P=212, (7.10)

Proof. Observe that (iv) implies (i) — (i1).

0w = sl = |exp(1/2A(09)) - exp(1/2 A(53)
< [A@D) = A@D)] exp(1/2 (1A03) + [AGE)]))
< |A@) = M@ exp(IA(D)] +1/2|A(0) — AED)I).

Thus

P{lyr — yi| > exp(—c1/2k")}
< P{lex| > exp(c1/2k")} + P{lo — 64| > exp(—c1k”)}
< P{log™ |ex| > ¢1/2k} + P{|A(0}) — A(G7)| > exp(—2c1k”) }
+ P{|A(op)| + 1/2|A(07) — A(G7)| > ek}
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Finally, applying the Markov inequality in connection with (4i7) and (iv) and Lemma 7.2

and Lemma 7.3 finishes the proof. Il

Similar to Y,,(s) we define
Yi(s) = {F(,) < s} —s.
Lemma 7.6. Under the conditions of Theorem 7.1 we have
|EY,(5)Yi(s')| < Crk=PH=2/2, (7.11)

uniformly for 0 < s,s < 1.

Proof. Since |Y;(s)| < 1 and Yj(s) is independent from Y, (s') if & > 2 we have
[EYo(s)Yi(s)] = [EYo(s)(Yi(s) — Yi(s))]
< EY(s) = V()] = P{Yi(s') # Yi(s)}-
The event {Yy(s') # Y/(s')} implies that F(y;) and F(y;) are on different sides of s'.

Remember that F(y) is uniformly distributed on the unit interval. It follows from

Remark 7.1 that for some ¢; > 0
P{Yi(s") # Yi(s')} <P{F(y) € (s' — exp(—c1k”), s + exp(—cik”))}

+ P{IF () — F(y})] > exp(—eik?)}
<2exp(—cik?) + P{Jy — y}| > e exp(—c1 /0 k?)}.

Now the result follows from Lemmas 7.4 and 7.5. O]

Remark 7.2. The previous lemma shows that the series in (7.2) converges absolutely
if pp—2) > 2.

Remark 7.3. The factor k=" in (7.11) stems from the definition of A(G%) in (6.32),
where we expanded the occuring series up to [kP]. Assume now we go m steps into
the past, i.e. we replace [kP] in (6.32) by m. An m step approximation of yx in the
spirit of (7.4) will be denoted by y"* and similar Y"*'(s). The same arguments as

before show for 1 < m < k

[BYy(s)Yi()| < BIYi(s') = Y74 (s)] < Com~ 272
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7.2.2 Increments of the empirical process

We define for 0 < s <s' <1

Yi(s, ) = {s<F(y,) <s'}—(s—5s)
Vi(s,s) = I{s < F(y) <5} — (5 — 5).
The next lemmas are devoted to the estimation of the increments
R(s . t) = R(s,t) = > Yi(s,s)+ > Yi(s) (¢ >1). (7.12)
1<k<t t<k<t'

Lemma 7.7. Assume that the conditions of Theorem 7.1 are satisfied. Then for

0 <s<s' <1 there are constants C,7 > 0 such that

Z Yi(s,s')

1<k<N

E <CN(s—4),

where C, 7 do not depend on N, s, s'.

Proof. From the stationarity of the underlying augmented GARCH process it follows
that EY(s,s")Yi(s,s') = EYi(s,s")Y,_r41(s, s'). Hence one may easily derive

PIRE

1<k<N

2 N N
_ L 92 L
E = N{EY?+2 EY Y, — — k—1)EYY: 1

k=2

where we shortened for notational reasons Y} = Yi(s, s’). The same arguments as in

Lemma 7.6 show that there is a constant ¢; > 0 such that
|EY:(s,8")Yi(s,s)| < bk PH2/2 vo<s<s <1 (7.14)
On the other hand the Cauchy-Schwartz inequality gives
|EY1(s,8)Yi(s,8)| < BY{Z(s,8) = (5 —5)(1 — (s — 5)) < (s' — ). (7.15)
Putting together (7.14) and (7.15) we have some C' > 0 with
|EY:(s,8")Yi(s,s')| < Ck=Pr=D20=7) (5 _ )T, (7.16)

Now choose 7 > 0 and p < 1 such that p(u — 2)(1 — 7) > 2. Then by some standard
analysis the proof follows from (7.13) and (7.16). O
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Lemma 7.8. Assume that the conditions of Theorem 7.1 are satisfied. Let p < 1/2.
There are constants Cy,Cy, C3,m > 0 such that for all x > 1 and for any choice of

>x}

< [exp(—ngQ/(N(s’ — 5)") + exp(—Chz/NP) + 2~

parameters 0 < s < s <1

P{ Z Yi(s,s")

1<k<N
Proof. We define

Sy = Z Vi(s,s") and Sy = Z Y, (s,s).

1<k<N 1<k<N

Again we shorten notation and set Yy, = Yj(s, s’) and Y} = Y/(s,s’). Then we get by
the Markov and the Minkowski inequality

P(|Sy — Sy| > ) < a7 " E|Sy — Sylf

N _ _, 1/k "
S (B -vir) T

k=1

< z"

Note that |Y; — Y,| € {0,1} . Thus we get by similar arguments as in the proof of

Lemma 7.6
ElYy =Y, |" = ElYi = Y, | = P{Yi £V} < kP92, (7.17)

Since 1 > 10 we can choose some n > 0 and p < 1/2 such that p(u —2)/2 > 2+ .
This shows that
P{|Sy — Sy| > 2} < cou™ ), (7.18)

Observe that by definition the variables Y}, k = 1,--- , N, are [N*]-dependent. We
define

(20+1)[NP]AN
Zy= ) Y, 0<i<m,
k=2I[Nr]+1

where m is the smallest integer such that 2m[N?] < N. Consequently the Z; are
independent. In an analogous way we let Z; be the sums over the sets {(21+ 1)[N*] +
L+, (24 2)[N*]}.
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We choose p close enough to 1/2 in order to get § = p(u —2)/4 — 1 > 0. Then we
define X; similar to Z; only with Y} instead of Y. We get from (7.17) with some
simple analysis

(20+1)[NPIAN
Elzi— X2 < S (BIV - T
k=21[NP]+1
(2+1)[NPIAN
< Z PP =D/ < (1) (140 N9
k=21[NP]+1

Now we derive with Minkowski’s inequality and Lemma 7.7

) L\ /2 S\ 1/272
BlzP < |(BxP) "+ (Blzi- XP) "
2

< [((JN”(s’ — )2 4 03(2l)‘(1+5)N‘”‘5}

Consequently it follows from m ~ 1/2N'~* that
D E|ZI < cs[N(s' = s)7 + N0 4 NP0 (s — 5)7/7]
=1

<esN[(s' = s)/? + N9, (7.19)

where € = 2pd. Obviously
|Z)] < NP 0<I1<m. (7.20)

Taking into account (7.19) and (7.20) we may apply Kolmogorov’s exponential bound
[88, Lemma 7.1] to get

P{Z Z > m} < exp<—06m2/(N(s’ —5)? + N_5)> + exp(—cyz/NP).
=1

An analogue inequality can be shown for 327" | Z;. Since Sy = 3.1, (Z1+ Z;) we have
proved that

P{Sy >z} < 2exp<—06x2/(N(s’ —8)? ¢ N_5)> + 2exp(—crz/N?).  (7.21)

If N(s' — 5)7/?2 > N~¢ the result follows from (7.18). Otherwise the first term on
the righthand side of (7.21) is dominated by 22~ which completes the proof of
Lemma 7.8. [
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Lemma 7.9. Under the conditions of Theorem 7.1 we have for any 0 < 2y < z < 1,
T >1 and A > min{(z — 2)"?, (log T) '} positive constants Cy, Cs, o such that

P sup > \T/?

< Cy[exp (=G50 /(2 — 20)") + T,

Yi(z0, 9)

where n stems from Lemma 7.8.

Proof. The proof uses a dyadic chaining argument. We assume without loss of gen-
erality that zp = 0. Assume (¢, s) is an element in the rectangle X = [0,7] x [0, z].

Then we can represent

o0 v

5= ZZ 627" ¢ ¢€{0,1} and define s, = ZZ €27
i=1 i=1
and similarly let

t=TY n2" ne{01} and t, =T 2"
i=1 i=1
(We set tg = sop = 0). Observe that we have

(tus tus] X (Soy Sus1] C (Ti27, T(i+ 1)27% x (2527, 2(j + 1)27Y),

where (i,7) € {0,---,2* —1} x {0,---,2" — 1} depend on (¢,s). Thus if

M,, = max >, W22,
0<j<2Y—1 |ke(Ti2—4,T(i+1)27 4]

then it follows that

ZYk(O,S)
Z Z Yi(Su, Spi1) + Z Y% (0, 8) + Z Yi(Sm, )

UV=1 g1 <k<ty tm <k<t 0<k<tm
m
<Y M+ | Y Y(0,8)+| > Yi(sm, s)
u,v=1 tm <k<t 0<k<tm
- T
< ZMM+2—m+ > Yilsm, 9)|-
u,v=1 0<k<tm
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For any x > 0 we have Yj(s, ') < Yi(s,s' + ) + 2 and since s, < 2, = 2 — 227™ we

get
Vi(sm, )| < 3 Yi(Sm, 8m +227™)| + ¢
0 2
<k<tm u=1 tu—1<k<ty,
m
< > um+
u=1
This gives

ZY}COS

k<t

<2<Z Mw+—>.

u,v=0

For T'> 1 and A > 0 we can choose an m = m(7, \) € N such that

min{1, \/2}2m "1 < TY2 < \2m L, (7.22)
Define x5 := 3 7" _, 278utv) where 3 > 0. Then we get
m m )\
P My 427"T > XTV2 3 < P M,, > = T2
{u,gz:l , uz'u—:l 7 2
<P{ Z M,., > 5 T1/2 Z 9~ Blutv) }
u,v=1 u,v=1

A T1/29- ﬁ(u+v)}
g

< Z_: {Muv>

By Lemma 7.8 we have

P{Mm .
’ 2.175

Scl Qutv [eXp(—Cl /\22—26(u+v)+u+v772—77)
+ exp(—cp A2t ueL/270) o (NT/207B0) J(2g:5)) = (2]
= 01 2[5y (u, v) + s2(u,v) + s3(u,v)].

T1/227,8(u+v)}
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We fix a small 3. Then if 23 < 1 we have an €¢; > 0 such that

m m

Z 241 (u,v) < Z 24T exp(—c3 A2 (2% 4 2972 71)

u,v=1 u,v=1

m 2
< (Z 24 eXp(—03)\2261“z”)> (7.23)

u=1

< cgexp(—es A2z,

Here we used the relation A2277 > 1 to assure that c4, c; do no longer depend on A

and z.

Choose  and n such that n(8 — p) < —1. Since e™* < ¢(n)x™" for any = > 0 we

derive
Z 2" sy (u,v) < Z cg N~ Blutv)—up)tutvp—n(1/2=p)
u,v=1 u,v=1
< CGA—an(ﬂn-l—l)T—n(l/Q—p)m Z 2u(n,6—np+1)

u>1

< C7>\—n2m(ﬂn+l)T—n(1/2—p)m‘

By (7.22) and A > (log 7)™ we get 2™ < 4T/2(log T + 1). Choosing 3 and n such
that (8/24+p—1/2)n < —1/2 gives > " _ 2TV s5(u, v) < ¢gT~ for some positive €.

u,v=1

Using similar arguments it is now very easy to show that > " _, 2%Ts3(u,v) < ¢gT

with some €3 > 0. Subsuming our results completes the proof. n

Now we proceed in estimating the increments of the approximating Gaussian process.
Lemma 7.10. Assume the process K(s,t) is defined as in Theorem 7.1. Then there

s a constant Cg > 0 such that for all x > xg and any 0 < zp < z2<1and0<Ty <T

P{ sup [K(s,t) — K (20, To)| = #(T'(z — 20)" + [T — T0|>1/2} < OO,

(s,t)el

where I = [zg, 2] X [To,T] and T stems from Lemma 7.7.
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Proof. We define
Z(s,t) == K(20 +s(z — 20), To + t(T — Tp)) — K(20,Tp), (s,t) €[0,1]%

Then clearly sup, e [K(s,t) — K(20,T0)| = sup(s ez [Z(s,t)]. We note that
['(s,s") =T(s',s) which implies

E|K(s,t) — K(s',t)]> = t(I'(s,s) +T(s,s") —2I(s, "))

=t Z EYy(s,5")Yi(s,s).
keZ

Using (7.16) we obtain from the previous relation
E|K(s,t) — K(s,t))* < eit|s — s
It follows from the definition of Z(s,t) that
E|Z(s,t) — Z(s,t)]* < coT|s — s'["(z — ). (7.24)
Lemma 7.6 shows that I'(s, s') is uniformly bounded. Thus
E|\Z(s,t) — Z(s,t")|* < c3(T — Tp)|t —t'|. (7.25)
Next observe that by the Minkowski inequality
B|2(s. )P < (E"|2(5,1) — 20,0 + B2 Z(0,1) ~ 2(0,0)1?)

Together with (7.24) and (7.25) this yields

sup  E|Z(s,1))? < cu(T(z — 20)” + (T — Ty)). (7.26)
(s,t)€l0,1]?
Combining (7.24)-(7.26) with Lemma 2 in [70] completes the proof. O

We partition the set [0, 1] x [0, 00) in rectangles [sy,, Sk,,,] X [tk, te41], With

sp, = 127 MsR/@loe2] () < j < d) and t, =exp(k'7) (k>1),
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where dj, = 2[logk/(10g2)] anq € is some positive constant to be specified later. Addi-

tionally we set to = 0. Let
k>0

denote the grid defined by this partition. Lemma 7.11 below shows, that in order to
prove Theorem 7.1 it suffices to construct a Gaussian process K (s,t) with EK (s, t) =
0 and EK (s, t)K(s',t") = (t ANt')I'(s, s") which satisfies for some v, > 0

max | R(su,te) — K (sp, )] :o(t,i,/?(logtk)*w) a.s. (7.27)

0<i<d—1

Le. it suffices to show that K(s,t) and R(s,t) are near on the grid G.

Lemma 7.11. Let R(i, k) denote the mazimal fluctuation of R(s,t) over the rectangle
[Skis Skyia) X [ths tesa]. Similarly define for K(s,t) the random variables K(z, k). Then
there is a vo > 0 such that
5 1/2 _
max R(i, k) = O(tk (log tx,) 70) a.s.

0<i<d—1

A similar result is true for K(i,k).

Proof. Note that by (7.12)

max R(i,k) <2 max  sup |R(s,t) — R(sg,, ts)|

0<i<dp—1 0<i<dp—1 g<t<ty
Sk SISOk
<2 max sup ‘ E Yi(sk;,s)| +2 sup E Y}(O,s)‘.
0<i<dy—1 ,
SR T s S8SSki 0 i<y, o izt

By Lemma 7.9 we get

P{ max sup ’Z Y (sg,, 5)

0<i<dj—1
SISORT R sk S8k <<y,

< kY? [exp(—@(log tk)_"/4k”/2) + t,;o‘} (7.28)

> i} *(og 1)}

< cskt/? [exp(—cgk”M) + exp(—(xklfe)] < c4k?,



130

where we used dj, ~ k'/2. Observing that
tk+1 — tk ~ (1 — e)tk(log tk)ie/(lie) (729)

and again by Lemma 7.9 we have

P{ sup | Y Z(O,s>(zt,§/z(logtk)‘€/4}
pStS g t<I<t

s€[0,1]

SP{ sup [ Y Yi(0,s)| > (tk+1—tk)1/2(10gtk)6/4}
R e (7:30)

<c¢ [GXP(—CG(log te)/%) + (tesr — tk)_a}

<ecr [exp(—cSk:(l_g)g/Q) + exp(—ak:l_e)k‘ea] < cok 2.

The Borel-Cantelli lemma implies the first proposition. Using Lemma 7.10 one can

show easily a similar result for the fluctuation of K (s, ). O

7.2.3 Construction of the approximating Gaussian process
We define

Aéj) = R(se;, ter1) — R(se;, te) €20
By = R(si, te) = R(se,.,t2) > 1, m=max{j—1,0}.

If (s,t;) is an element of the grid G we can represent R(s,t;) as sum of horizontal
and vertical increments Aéj ) and Béj ), Depending on s there are constants m, and j,
such that

R(s,tr) = Y (@B,Sﬂ‘” +A§W>), (7.31)

1<e<k

where ¢y is either zero or one, depending on s as well. A similar representation holds
for K(s,ty).

K(ste) = > (8B +AM), (7.32)

1<e<k
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where the definition of Eéjé) and Aémd is obvious. Choosing ¢ in the definition of #
smaller than 7/8 we get by (7.28) and the Borel-Cantelli lemma some 2 > 0 such

that for £k — oo

Z S0 Béje)

1<I<k

< max sup
0<i<d;—1
<<k oSS

Z E(Sh 5)

i+1[1<i<y

k
< Z tll/Q(log )8 as.
=1

< t*(logty) .

Here a;, < by means |ay/bx| = O(1). By similar arguments we get an analogous result
for the process K (s,t). Hence, in view of (7.27) and (7.31)-(7.32) Theorem 7.1 will be

proved if we succeed in constructing the approximating Gaussian process such that

for any s = sy,, 2 = 1,...,d; the sum of vertical increments
S (8 - A
1<e<k

is not too large. Specifically Theorem 7.1 follows from

k

max
< 0<i<d;—1

R(Sfiv tf) - R(Sfﬂ tf—l) - (K(SZ” tf) - K(Sfiv tf—l))

(7.33)

< t,lc/Q(log tr) 7 as.

for some 3 > 0 and for £k — oc.

Lemma 7.12. Let {X;,l > 1} be a sequence of independent R%, d; > 1, valued
random variables with characteristic functions fi(u), u € R%, and let {G;,1 > 1}
be a sequence of probability distributions on R¥ with characteristic functions g;(u),

u € R%. Suppose that for some nonnegative numbers \;, d; and W; > 108d,
|fi(w) —g()] <N
for all w with ||u|| < W, and

Giu: |lu]| > W,/4} < 4.
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Then without changing its distribution we can redefine the sequence {X;,1 > 1} on a
richer probability space together with a sequence {Y;,1 > 1} of independent random
variables such that Y, 4 G and

P{X; =Yz} <o (l€N)
where oy = 1 and

a; = 164, W, log Wy + 4N P Wi +6, (1> 2).

Similar to (7.4) we define for j € {t;,_1 + 1,--- ,#;} the random variables y; = ¢;5;
where ¢; is the solution of
A(63) = Z g(gj—s) H c(ej_m) forsome 0<p<1/2.
1<i<[tf] 1<m<i
Next we set
Yi(s) = I{F(j;) < s} — P{F(g;) < s}

and for p,_; = [t/] we divide the interval [; = {t;—y + pi—1 + 1,--- ,#;} into blocks
Ly, Ji Dy, Ji, - I, Jy, where |I,| = [|L”'], p < p* < 1/2, and |J,| = [t/]. This
implies that |Jy, |/|;,| < t;%, for 0 < § < p* — p. The last blocks may be incomplete

and of course n = n(l). Then

t

Yoo Vi) =D Y Vil + Y. > Vi) =D Ti(s) + Y T, (9).
k=1 k=1

=t tpr1+1 k=1 jeI,, k=1 jeJy,
We set
Ty, = (T, (510)5 -+ Thy (1)) -
Clearly n is proportional to |[;|'7*" and by definition {T;,,---, Ty, } is an R% valued

i.i.d. sequence with ET;, = 0. Next we introduce the random vectors
&, = 7T, (1<k<n)

Lemma 7.13. Set var§, = ¥; = ((El(sli,slj)))d

1
1,7=0"

Under the conditions of Theo-

rem 7.1 there is a constant Cy such that

sup |2l(8li78lj) - F(Sli’slj)| < C5|Il1‘_1 (l > 1)

0<4,5<d;



Proof. Using the stationarity of {Yx(s),k € Z} little algebra shows that

E( > Yk(s)Ym(s’)>= Y EYy(s)Yi(s)

M<km<N |k|<(N—DM)
(N—-M)-1

1
N—-M

Hence we may write

1
I'(s,s) |[_’ Yk(s)Ym(s’)>

h k,mely,
1 ul1|_l

N > K(EYy(s)Yi(s') + EYi(s) Z EYy(s)Yi(s
Bl k= Ikl=11;,
1

:|Il|E > Yk(s)Ym(s’)>+O(|Ill|1) (I = 0),

1 kmEIll

> K(EYy(s)Yi(s) + EYi(s)Yo(s) (M < N).
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(7.34)

where (7.34) follows from Lemma 7.6. (Note that O is uniformly in 0 < 5,5 < 1.)

Consequently we have

2 (s1, ,Sl ) = Tsi;5 1)
> EYi(si)Ym(s,) = Yi(si)Ym(si)l + O(11| 7).

a | ll‘ k,mely,

By Remark 7.3 we infer for k£, m € I,

E[Yi(5)Yon(s") = Ya(8)Yau(s)| < BlYiu(s) = Yau(s)| + E|Ya(s) = Yi(s)|

< ¢ tl p— 2)/

By (7.29) we get |[;,| = O(tf*l_ep*). Since p* < 1/2 it suffices e.g. to choose p < 1/2

such that p(u — 2)/2 > 1 in order to finish the proof.

]

We set I, = ((F(Slmslj)))?fj:() and denote ||Al| = sup, ; |a;;| for some matrix A =

((a)). Since I'(s, s") is a bounded function we infer by the last lemma that sup; ||3;||oc <

Q.
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Set )
X;=(n-— 1)_1/2 Zélk
k=1
and denote by <|> the inner product of real vectors.

Lemma 7.14. Let ||u]| < K exp(I*/?) for some absolute number K. Then there are
constants Cg, C7 such that

|Eexp (i(u]X;)) — exp (—1/2(u|Tju))| < Csexp(—C71' ) [|ulf?,

where € stems from the definition of t;.

Proof. Let A be a d x d matrix. Some elementary estimates show that for u € R?
[(ulAu)| < d || Al [ulf*.

Thus by Lemma 7.13 and the Cauchy Schwarz inequality we derive

‘exp(—1/2<ulrlu>) — exp(—1/2<u\21u>)‘ <

(7.35)
< [(ulT) — (uZ)] < ColI, |~ difJu]]® < e exp(—esl' )l

Since the the vectors §;, = (&, (s1y)s - -, &, (81,,)); 1 <k <n—1, are iid. we obtain

Some routine analysis shows |e®® — (1 + iz — x2/2)| < |z|?/6, hence there is some

complex © (which may depend on u and [) with |©] < 1 such that

dl dl
- 1 © 3
Eexp(in 1/2 E u;&, (sy,)) =1 — %<u|zlu> + 6n3/2E) E ;& (s1;)
J=0

J=0

From |, (s)| < |I;,]'/? we infer by the Cauchy Schwartz inequality

d; 5 dy
B3 wt| <||>wens)
§=0 §=0

< d) |1, |2 u)| (=) < ¢l

2

d
‘OOE‘ > uéy (s)
=0

* 3/2
R .
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Since n ~ |I}|*~*" we infer that there is some ©’ within the complex unit circle (which

may depend on u and [) such that

dy
Bexp(in™? Y i, () = 1= 5-(ulS) + == | L[~ |ul?
j=0

1
=1- %<u|21u> +r(l,u).

The relation |(1 —¢)" —e™"| < t/2, which holds for 0 < ¢ < 1 and every r > 0 implies
for (u[3u) < 2n

1 1
|exp(—1/2(u[Zu)) — (1 — 2—<u|§]lu>)"\ < —(u|Zu). (7.36)
n 4dn
Again assuming <u|§]lu> < 2n we get by some basic analysis
1 n 1 n
|(1— %<u|2lu>) —(1- %<u|§]lu> +7r(l,uw)"| < nlr(l,u)|. (7.37)

(Note that the absolute value of both functions occurring on the left hand side of
(7.37) are within the complex unit circle; the first by assumption and the second
since it is a characteristic function.) Combining (7.35)-(7.37) with the appropriate

value for n and the restriction for ||u|| will yield the proof. O

Let fi(u) be the characteristic function of X; and let g;(u) be the characteristic
function of a d;-dimensional Gaussian vector G; = (G,(1),--- , Gi(d;)) with covariance

matrix I'. Since ['(s, s") is bounded we get by choosing W; = exp(¢4l°)

PIGH > Wi/1} < P{max [Gi(i)| > (Wi/d)/4}

IN

crdy exp(—cg(W/dp)?) (7.38)
< egexp(—cyplf).

By Lemma 7.12, Lemma 7.14 and (7.38) we can redefine the sequence {X;} on a
richer probability space together with a sequence of independent Gaussian vectors

{Y;} with covariance matrix I'; such that

P{|X; = Y| > c11exp(—c12l) } < e11 exp(—ci2l).
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Next we define

d;
=0’

Zi = (t; — ti) " ?(R(si, 1) — R(si,, ti-1))

and
d

V=t — 1) VP (K (st 1) = K(s1,,t-1))

Yet again applying similar estimates as in our consideration so far we can easily derive

P{||Z; — Xy|| > exp(—ci3l9)} < eral >

Hence by the Borel-Cantelli lemma we have constants c¢i5,c16 > 0 such that for all
l > lo(bd)
”Zl — YlH S Ci5 exp(—cmle).

By the definition of V; we have

(Y, 1>1} L {v,1>1}
We can enlarge the probability space such that

{Y,, 1 > 1}y ={V,,l > 1}.
Summing up our results shows that

max |(R(s;,, t1) — R(sy,, ti1)) — (K (s, 01) — K(sp,5 ti-1))

0<i<d,

S 617(tl — tl,1)1/2 exp(—clgle) a.s. (l — OO)

This shows (7.33) and completes the proof of Theorem 7.1.
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