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• _ 70Aa`bS�\c>LODOPCH7Nd�ef709HADZ[703g<B703h<B9HAPif<jZk>L3l70AD387�m;383Y>LK8Z[7on8p�709q58AD71ra709E<B70ADODS838T 58709qU0S8TR9HS83�s5870ODAD70TR703858703utq9HS83858TR70CB>LZ�<BK870AP<B703wvyx6X�5870ODODp8ADOP58S838T=zN{}|j>Lpf70A;FL~R3838703�ra709E<B70ADODS838TR703�pf7Ns
<B9B>LM?K=<B7.<kV�709H58703�V&AD7658AD7���XR9HZk>LOPQg709E<B70ADOPS838T8� _ AD38XRZ[AD>LO�QR709E<B70ADOPS838T8�a��XRADCHCHXR3gQR709E<B70ADODS838T8�t�>LZ[Zk>�QR709E<B70ADOPS838To7.<BML{

• _ 70A&CE<?>@<BADCE<BADCHM?K8703���70CE<BCkp�7038~L<BADTL<[Zk>L3�CHXRTR703Y>L383=<B7l���N�.�E�L�B�H���.�$X�58709����?�.�	�.���L�c�D�.�c�D�g�.�Y{:�7.<BU.<,Zk>L3�70AD387��b�@�N�[�L�¡ L�.�N�4�.�	�¡�4�o¢�N£��f¤
�=�?���L�o�	¥Y�.�	��QRXR9B>LS8C0�85Y>L383 p�70CHAP<BU0703�CHXRODM?K87j��70CE<Es
CE<?>@<BADCE<BADFL703 ra709E<B70ADODS838TR703(�858AD7�AD3 587036\¦XRODTR7.38587036m;p8CHM?K838AP<H<B703670AD38TR7.\¦n8K89E<&V�709H58703({

§w¨E© ª¬«;y®�¯�°;±a²�³8±�´g®�µh¶(³�´�¶�^·^°;¸;¹
χ2

n|;AD7k709HCE<B7kra709E<B70ADODS838T8��58AD7[V&AD9�pf7.<B9B>LM?Kg<B703JVXRODOD703(��ADCE<158AD7Jº�¥��¦»Y¼£8�g¤L�H�L�y»�½Y�.�N�4�.�	�¡£����L��V70ODM?K87
70AD387�CHe�70U0AD70ODOD7�t�>LZ[Zk>�QR709E<B70ADOPS838T8��3Y¾LZ[ODADM?K 58AD7

γ
(
n
2
, 1
2

)¿ ra709E<B70ADODS838To5Y>L9HCE<B70ODOP<�{

À ÁgÂ�Ã�Ä	ÅÆÄ¦ÇfÃ�ÈlÉ

hn(x) =

{ 1
2n/2Γ(n/2)

xn/2−1e−x/2 x ≥ 0

0 x < 0

v � z

ADCE<&58AD7�|;ADMNKg<B7�70AD38709Gº�¥��¦»Y¼£8�g¤L�H�L�y»�½��.�N�4�.�	�¡£����[�o�	�
n Ê �B�.�D¥Y�.�	�	�B�L�H�g¤=�.��v χ2n

¿ ra709E<B70ADODS838T=zN{

Ë�Á�Ì$Á=ÍÆÎ�Ï�Ã�Ð
W�n89,58AD7qV,ADMNKg<BADTRCE<B7036Ñq703838TR9H~RCHCH703�TRADOP<

E(X) = n, V ar(X) = 2n, γ1(X) =
√

8
n
, γ2(X) =

12
n
.

Ò(Ó Å
ÔhÈhÕcÉÖ:�AD385�58AD7�`bS�\c>LODODCEQL>@9BAD>Lp8OP703
X1, X2, . . . , Xn

iid∼ N(0, 1)
¿ Qg709E<B70ADOP<���5Y>L3836ADCE<

Y =
n∑

i=1

X2
i χ2n

¿ QR709E<B70ADOP<�{ vy×Rz

Ë�ÁgØ�Á�ÄcÙ[vcÚ�p8S838T=zN{♠
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È�Û�Û}ÕÜÈlÉYÝ(|;ADM?K=<B7q58709
χ2n
¿ ra709E<B70ADODS838To\¦n89

n = 2, 4, 6, 8
S8385

10
{

§w¨yÞ ß�´�°;²;¶�¸}´g®}´g®�µh¶(³�´�¶�^·^°;¸;¹
tn

|;AD7Gà��c£8¤=�.�Y�y»R�y»�½��.�N�4�.�	�¡£�����V&S89H587�QgXL3�Iá{â:f{(t�ã�:8:�äÜ�åv �
æRçRè zTR7.\¦S83858703(�b>LODC�709�m;38TR70CE<B70ODOP<B709
58709 _ 9B>LS8709H70A}tqS8AD383870CHCjV,>L90{�|j>�CH70AD3ém;9Hpf70AP<BTR70p�709�CH70AD387GCE<?>@<BADCE<BADCHM?K8703é�&¾@<BADTRFL70AP<B703éTR70K870ADZosKY>LOP<B703�V�XRODOP<B7L�@S8Zê58AD7,Ñ�XR38F=S89H9H7038U&38ADM?Kg<}>LS�\¦U0S8CHM?K870S8M?KY703(�RV,¾LK8OP<B7709�\¦n89Ü58AD7�rÜ709H~Lib703=<BODADM?K=S838T
5Y>LC��ÜCH70S858XR3gë�Zíì îbïHð=ñ8ò?ófï
ì {

Ò(Ó Å
Ô�ÈhÕDôõW�>LODODC
X
S8385

Y
S83Y>Lp8KY¾@38TRADTR7�`bS�\c>LODOPCEQL>L9HAö>@p8OD7;Z[AP<

X ∼ N(0, 1)
S8385

Y ∼ χ2n
�

5Y>L3836KY>@<&58AD7�`bS�\c>LODODCEQL>L9HAD>Lp8OP7
T =

X
√

Y/n58AD7�|;ADM?Kg<B7

tn(t) =
Γ((n+ 1)/2)

Γ(n/2)
√
nπ

(
1 + t2/n

)
−(n+1)/2

, −∞ < t <∞ .
vc÷gz

|;AD70CH7qra709E<B70ADODS838TGK870ADøL<qà��c£8¤=�.�Y�y»
t
»�½Y�.�N�4�.�	�¡£����k�o�	�

n Ê �B�.�D¥Y�.�	�	�B�L�H�g¤=�.��v tn ¿ ra709E<B70ADODS838T=zN{

ù�ÄcÃfØ�Á�ÄcÙ0ÁhÔ=Ï�ÌúË�ÁgØ�Á�ÄcÙLÕ�W�n89�58703 _ 7.V�70ADC;58AD70CH70C�:�>@<BU070C;pf7038~L<BADTL<;Zk>L3�58703h��9B>L38CE\¦XR9HZk>@<BA�sXR38CHCB>@<BU�\¦n89&|;ADM?K=<B703({
û Í Ó Ã�Ù0ü�Ç�Í@Ì Ó ÅÆÄ¦ÇfÃ�Ù�Ù Ó Å
Ô¬ü4ý�ÍhÀ�Äcþ@ÿfÅ
Á�Ã :�70A

XT = (X1, . . . , Xp)
70AD3

p
s458ADZ[7038CHADXR3Y>LOP709q`bS�s

\c>LODODCEQR70Fg<BXR9�Z[AP<158709G|;ADM?Kg<B7
fX(x1, . . . , xp)

�
g : R

p −→ R
p 70AD387�p8A �E70Fg<BAPQR7�m;p8p8ADOD58S838ThZ[AP<7Nd�ADCE<BAD709H703858709��R>LM0XRp8A�sEx�>@<B9HA�d

J =







∂g−1

1

∂y1
. . .

∂g−1

1

∂yp{{{ { { { {{{
∂g−1

p

∂y1
. . .

∂g−1
p

∂yp
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|j>L383�ADCE<�58AD7Ü|;ADM?Kg<B7Ü5870C
p
s458ADZ[7038CHADXR3Y>@OD703�`bS�\c>LODOPCEQg70Fg<BXR9HC

YT = (Y1, . . . , Yp) = g(X1, . . . , Xp)TR70TR70pf703658S89HMNK
fY(y1, . . . , yp) = fX(g

−1(y1, . . . , yp))| det(J)|

243uS838CH709H70Z!W�>LODO�ADCE<
p = 2

S8385
g(x1, x2) = g(x, y) = (g1(x), g2(y)) =

(

x√
y/n

, y

)

=

(t, y)
{&|;AD7¬TR70Z[70AD38CB>LZ[7é|;ADM?K=<B7lQgXR3

X
S8385

Y
ADCE<�V�70TR703 58709���3Y>@p8KY¾L38TRADTRFR70AP< QRXR3

XS8385
Y
S8385�58703 rÜXR9B>LS8CHCH7.<BU0S838TR7036QRXR3�:�>@<BUjm1{â×�]

fX(x, y) = fX(x)fY (y) = φ(x)hn(y)
{Y|;709

��9B>L38CE\¦XR9HZk>@<BADXR38CHCB>@<BUODAD7.\¦709E<�58AD7,TR70Z[70AD38CB>LZ[7,|;ADM?Kg<B7,58709�`bS�\c>LODOPCEQL>L9HAD>Lp8OP703
T
S8385

Y
�LV�XR9B>LS8C

CHADM?K658AD7���>L385858ADM?K=<B7
fT (t) = tn(t)

pf70CE<BADZ[Z[703�Oö¾@CBCE<�{
À ÁgÅ Ó Ä����cÄ	Á=Í
Å�Á=Í[Ë�ÁgØ�Á�ÄcÙ[vcÚ�p8S838T=zN{ ♠
Ë�Á�Ì$Á=ÍÆÎ�Ï�Ã�Ð
v¦A	z |;AD7�|;ADMNKg<B7�58709

t1
¿ ra709E<B70ADODS838T6v.º
	��}º����»�½Y�.�N�4�.�	�¡£����
z

t1(t) =
1

π(1 + t2)
, −∞ < t <∞ ,

pf70CHAP<BU.<�FL70AD38703�äÜ9EV>L9E<BS838TRCEV709E<�{
v¦ADA	z�W�n89

n > k
7Nd�ADCE<BAD709H703�>LODOD7�x6XRZ[703g<B7

E(T j) , j ≤ k
{�:�ef70U0AD70ODO(TRADOP<

E(T ) = 0, n > 1, V ar(T ) = n
n−2

, n > 2, γ2(T ) =
6

n−4
, n > 4.

v��=z
v¦ADADAöz�W�n89qTR9HXRøR7

n
3Y¾LK8709E<�CHADM?K¬58AD7

tn
¿ ra709E<B70ADOPS838T�ADZ[Z[709;Z[70K89�58709�CE<?>L385Y>L9H58ADCHAD709E<B703¬��XR9^s

Zk>LOPQR709E<B70ADODS838T
N(0, 1)

�Y58AD7jV�70TR703

lim
n→∞

(1 + t2/n)−(n+1)/2 = e−t
2/2

58703htq9H7038U.\c>LODO
φ = t∞

5Y>L9HCE<B70ODOP<�{
v¦APQ8z W�n89aF=OD70AD387

n
V�70ADM?Kg<�58AD7

tn
¿ ra709E<B70ADODS838T��E7058X=M?KkQRXR9�>LODOD70ZêAD3[58703k��>LADODCÜ38X�M?K�CH70K89}CE<?>L9HF

QRXR3658709���XR9HZk>LOPQR709E<B70ADODS838To>LpJv¦CHAD70K87�m;p8p8ADOP58S838TGm1{â×oS83856��>Lpf70ODOD7qm1{ � zN{

û Ó Û}ÕaÈhÕPô�Ý
�[Ï Ó ÃfÅÆÄ��¦Á
tn;α � Á=Í tn ��� Á=Í
Å
Á�Ä��cÏ�Ã�Ð

α t5;α t10;α t30;α t60;α t100;α t200;α t∞;α = zα��� ����� ��� �� !�  �� "� !�  �� #��%$  �� #%$&  �� #�#��  �� #���'  �� #)(*���� �%$+� ��� �%$& ��� ����" ��� �)(*� ��� �����  �� ��")(  �� �%$+�  �� ��#����� ����� '�� '�#�� ��� $+#)( ��� (*�%$ ��� '���� ��� '�#)( ��� ')(*� ��� '���#��� ����� (,� ��'�� '��- !#�� ��� $+��� ��� #�#�� ��� #���# ��� #��� ��� �%$+#
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È�Û�Û}Õ�ÈhÕDô(Ý�|;ADM?Kg<B7�58709
tn
¿ ra709E<B70ADODS838To\¦n89

n = 1, 3, 10
�

S83856ADK89&tq9B7.38U.\c>LODO
φ = t∞

v
N(0, 1)

¿ ra709E<B70ADODS838T=zN{
§w¨�. /k10�«;¶(³20

F
®�µh¶(³�´�¶�^·^°;¸;¹

Fm,nÒ(Ó Å
ÔáÈhÕ43
X
S8385

Y
CH70AD703 S83Y>Lp8KY¾L38TRADTR7

χ2m
p8U.V�{

χ2n
QR709E<B70ADOP<B7¬`bS�\c>LODOPCEQL>L9HAö>@p8OD7L{|;AD7

`bS�\c>LODODCEQ@>L9HAö>Lp8OP7

F =
X/m

Y/n

v65Rz
KY>@<�58AD7�|;ADM?Kg<B7

fm,n(t) =

{
Γ((m+n)/2)
Γ(m/2)Γ(n/2)

(
m
n

) (
m
n
t
)m/2−1 (

1 + m
n
t
)
−(m+n)/2

t > 0

0 t ≤ 0

v�7gz

|;AD70CH7qra709E<B70ADODS838TGK870ADøL<
F
»�½��.�N�4�.�	�¡£����qZ[AP<

(m,n)
» Ê �B�.�D¥Y�.�	�	�B�L�H�g¤=�.��v Fm,n

¿ ra709E<B70ADODS838T=zN{
Ë�ÁgØ�Á�ÄcÙLÝÜvcÚ�p8S838T=z ♠
8aÁ�ÌJÌ Ó ÈhÕcÉ:9qÄ¦Ð�Á�Ã�Ù�þ@ÿ Ó üyÅ
Á�Ã � Á=Í Fm,n ��� Á=Í
Å
Á�Ä��cÏ�Ã�Ð�Õ� {�W�n89�äÜ9EV>L9E<BS838TRCEV�709E<;S83856ra>L9HAö>L38Uq58709;`bS�\c>LODODCEQ@>L9HAö>Lp8OP703

F ∼ Fm,n

TRADOP<�]

E(F ) =
n

n− 2
, n > 2, V ar(F ) =

2n2(m+ n− 2)

m(n− 2)2(n− 4)
, n > 4.

v6;Rz
×�{Y24CE<

F ∼ Fm,n
5Y>L3836ADCE<

1/F ∼ Fn,m
{

÷�{Y24CE<
T ∼ tn

�8CHX[TRADOP<
T 2 ∼ F1,n

{

Ë�Á�Ì$Á=ÍÆÎ�Ï�Ã�Ð
W�n89,5Y>LC

α
¿=< SY>L3g<BADO(CHM?K89H70ADpf703�V&AD9

Fm,n;α
�Y5({ K({

PF (F ≤ Fm,n;α) = α
{

I$70TR703�>�70Z[Zk>�m1{ � vy×�{âzKY>@<&Zk>L3�58AD7 _ 70U0AD70K=S838T
PF (F ≤ Fm,n;α) = P1/F (1/F ≥ 1/Fm,n;α) = P1/F (1/F ≥ Fn,m;1−α) = α.
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|;AD70C&pf705870S�<B7.<���5Y>Løo\¦n89,58AD7 < SY>@3=<BADOD7jTRADOP<�]
Fm,n;α = 1/Fn,m;1−α .

v è z
m;S8C�58AD70CH70Z tq9HS8385$CHAD385¬ADZ È Ã�ÿ Ó Ã�Ð Ë AD3¬58709���>Lp�70ODOD7 _ �63�S89�58AD7 < SY>L3g<BADOD7 Fm,n;α

\¦n89
α ≥ 0.9

>L38TR70TR70pf703({

È�Û�Û}Õ�ÈhÕ43(Ý�|;ADM?Kg<B7�58709
Fm,n

¿ ra709E<B70ADODS838T�\¦n89
m = 10 ; n = 4, 10, 50, 1000

{

§w¨�? ¯�°;±a²�³8±�´�10A@8«;¶B/DCÜ³FE ¶�¸ °;¸;²�²;¶(³uß,±�´=GIHJCa¸ ªKC�@8«�³8±a¸
Ë�Á�Ì$Á=ÍÆÎ�Ï�Ã�Ð
äÜAD387

n
s458ADZ[7038CHADXR3Y>LOP7DL=SY>L589B>@<BADCHM?K87�WYXR9HZ v < WÜz}ADCE<70AD387jm;p8p8ADOD58S838T

x→ q(x)
QRXR3

R
n → R

�
58AD7qCHADMNK \¦XRODTR703858709HZk>LCHCH70365Y>L9HCE<B70ODOD703 Oö¾LCHCE<�]

q(x) = xTBx =
n∑

i=1

n∑

j=1

bijxixj

Z[AP<,CEë�Z[Z[7.<B9HADCHM?K8709
(n× n)

¿ x�>@<B9HA�d
B
S8385

(n× 1)
¿ ra70Fg<BXR9

x = (x1, . . . , xn)
T {

`bSM�E7058709DL=SY>@589?>Æ<?APCBM?K8703�WYXR9HZ TRADp�<&70C&70AD387qXR9E<BK8XRTRXR3Y>LOD7�x�>@<B9HA�d
T

(TTT = E = TTT , T−1 = TT , det(T) = det(TT ) = det(T−1) = 1) ,

CHX[5Y>LCHC
TTBT

58AP7�|;Aö>LTRXR3Y>LOP\	XR9HZ







λ1 0 · · · 0
0 λ2 · · · 0{{{ { { { { { { {{{
0 0 · · · λn
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pf70CHAP<BU.<�{
λ1, . . . , λn

CHAD385�58AD7qCE<B7.<BC�9H7070ODOD7036äÜADTR703gV�709E<B7�58709;x�>@<B9HA�d
B
{�ã;ib7038CHADM?K=<BODADM?K�TRADOP<

q(x1, . . . , xn) =
n∑

i=1

λi x
2
i .

|;AD7Gm;38U�>LK8Oa587091äÜADTR703gV709E<B7
λi =N 0 K870ADøL<O��>L38T658709PL=SY>L589B>@<BADCHM?K8703JWYXR9HZ q(·) v Rang(q)) {äÜC&TRADOP<&>LODCHXoef709&587RQY38AP<BADXR3870Z

Rang(q) = Rang(B) .
IuAD9,p89B>LS8M?K87036\¦XRODTR7038587�äÜADTR7038CHM?KY>@\	<�58709���XR9HZk>LOPQR709E<B70ADOPS838T8{

8aÁ�ÌJÌ Ó ÈhÕDô |;709�`bS�\c>LODOPCEQR70Fg<BXR9
X
pf70CE<B70Kg<�>LS8C�58703$Ñ�XRZ[efXR38703g<B703

X1, . . . , Xn

��58AD7oS83�s
>Lp8KY¾L38TRADT

N(0, 1)
¿ QR709E<B70ADOP<[CHAD385({

T
CH70A�70AD3876XR9E<BK8XRTRXL3Y>LOD7

(n × n)
¿ x�>@<B9HA�db{a|j>L383�CHAD385 58AD7

Ñ�XRZ[efXR38703g<B703
Y1, . . . , Yn

�Y5870C;`bS�\c>LODODCEQR70Fg<BXR9HC

Y = (Y1, . . . , Yn)
T = TX

70pf703�\c>LODODC,S83Y>Lp8KY¾L38TRADT
N(0, 1)

¿ QR709E<B70ADOP<�{

Ë�ÁgØ�Á�ÄcÙ
I$70TR703

T
XR9E<BK8XRTRXR3Y>LOÜ\¦XRODTL<

TT = T−1 {�|;AD7km;p8p8ADOD58S838T T−1y
ADCE<1n8pf709B>LODO}CE<B7.<BADT�eY>L9E<BAD70ODO

58APib709H7038U0AD709HpY>L9,S8385670C�TRADO�<V�70TR703�58709;ãj9E<BK8XRTRXR3Y>LODA�<?¾@<�QgXR3
T

∣
∣
∣
∣
det

d(T−1y)

dy

∣
∣
∣
∣
=
∣
∣ detT−1

∣
∣ = 1 .

|;AD7�|;ADM?Kg<B7
fX(x1, . . . , xn)

5870C;`bS�\c>LODODCEQR70Fg<BXR9HC
X
ADCE<&3Y>LM?K�raXR9B>LS8CHCH7.<BU0S838T

fX(x1, . . . , xn) =
1

2πn/2
exp

(

−1
2

n∑

i=1

x2i

)

=
1

2πn/2
exp

(

−1
2
xTEx

)

.

W�n89q58AD7G|;ADM?Kg<B7
fY(y1, . . . , yn)

5870C1`bS�\c>LODODCEQR70Fg<BXR9HC
Y
TRADOP<j3Y>LM?K¬5870Z ��9B>L38CE\¦XR9HZk>@<BADXR38CHCB>@<BU

\¦n89�|;ADM?Kg<B703

fY(y) = fX(T
−1y)

∣
∣
∣
∣
det

d(T−1y)

dy

∣
∣
∣
∣
=

1

2πn/2
exp

(

−1
2
T−1yTET−1y

)

=
1

2πn/2
exp

(

−1
2
yT TET−1
︸ ︷︷ ︸

E

y

)

=
1

2πn/2
exp

(

−1
2
yTEy

)

=
n∏

i=1

1

2π1/2
exp

(

−1
2
y2i

)

=
n∏

i=1

fYi
(yi) ,

|;AD71`bS�\c>LODOPCEQL>L9HAD>Lp8OP703
Yi
CHAD3856>LODCHXGS83Y>Lp8KY¾L38TRADT

N(0, 1)
¿ Qg709E<B70ADOP<�{ ♠
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Ò(Ó Å
ÔhÈhÕTS Ò(Ó Å
ÔVUfÇfÃXW1Ç�þ@ÿ�Í Ó Ã
:�70AD703

Xi
iid∼ N(0, 1) , i = 1, . . . , n Y q1, . . . , qk , k ≥ 1 ; n

¿ 58ADZ[7038CHADXR3Y>LOP7ZL=SY>L589B>@<BADCHM?K87�WYXR9HZ[703
Z[AP<

Rang(qj) = nj , nj ≥ 1 ,
S8385658703�äÜADTR7038CHMNKY>@\	<B703
k∑

j=1

Rang(qj) :=
k∑

j=1

nj = n
v æ z

q(x1, . . . , xn) :=
k∑

j=1

qj(x1, . . . , xn) =
n∑

i=1

x2i ,
v �
ç z

|j>L3836TR70OP<B703 \¦n89&58AD7�`bS�\c>LODOPCEQL>L9HAö>Lp8OP703
Qj = qj(X1, . . . , Xn)

\¦XRODTR7038587qm;S8CHCB>LTR703(]
vc>gz |;AD7

Qj

CHAD385 QgXR3870AD3Y>L3858709&S83Y>Lp8KY¾L38TRADT8�
v¦p�z�|;AD7

Qj

CHAD385
χ2nj

¿ QR709E<B70ADOP<1v6[�K8A�s < SY>L589B>@<Es�QR709E<B70ADO�<,Z[AP<
nj
WY9H70ADK870AP<BCHTR9B>L58703�zN{

Ë�ÁgØ�Á�ÄcÙ[v	QRXRODODCE<?¾L3858ADTR7j243858S8Fg<BADXR3�3Y>LM?K
k
z

k = 1
]
Q1 =

∑n
i=1X

2
i

ADCE<
χ2n
s�Qg709E<B70ADOP<,3Y>LM?K�|;7RQY38AP<BADXR3({

k − 1 → k
]�|;AD7 _ 70KY>LS8e�<BS838T6CH70AÜ\¦n89 k − 1

p�7.V&AD70CH703({ _ 7.<B9B>LMNKg<BS838T�QgXR3 k
L=SY>L589B>@<BADCHM?K8703

WYXR9HZ[703
qj
{�|j>

q1
3Y>LM?K�raXR9B>LS8CHCH7.<BU0S838To58703\��>L38T

n1
KY>@<���TRADp�<�70C70AD387;XR9E<BK8XRTRXR3Y>LOD7&��9B>L38C^s

\¦XR9HZk>@<BADXL3
x = Ty

�YCHX[5Y>LCHC&TRADOP<

q1(x) = q1(Ty) = TyTBTy = yTTTBTy =

n1∑

j=1

λjy
2
j = q1(y) .

I$70TR703
x = Ty

TRADOP<�V�70AP<B709HC

q(x) = xTEx = yTTTETy = yTEy = q(y) ,
>LODCHX

n∑

i=1

x2i =
n∑

i=1

y2i .

|j>LZ[AP<,709HKY¾LOP<&Zk>L3
k∑

j=2

qj(y)
(10)
= q(y)− q1(y) =

n∑

i=1

y2i − (λ1y
2
1 + · · ·+ λn1

yn1
)2

v �R� z

= (1− λ1) y
2
1 + · · ·+ (1− λn1

) y2n1
+

n∑

n1+1

y2i .
v � ×Rz

m;S8C
Rang(qj) = nj

S8385Jv æ z}\¦XRODTL<

Rang

(
k∑

j=2

qj(y)

)

≤ n− n1 .
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λj = 1

\¦n89
j = 1, . . . , n1 ,

S8385

Rang

(
k∑

j=2

qj(y)

)

= n− n1 .
v � ÷gz

x�>L36KY>@<�>LODCHX

q1(y) =

n1∑

i=1

y2i ,
v � �=z

k∑

j=2

qj(y) =
n∑

i=n1+1

y2i .
v � 5Rz

I$70TR703]>�70Z[Zk>�m1{â×�CHAD385w58AD7 Ñ;XLZ[efXR38703g<B703
Yi
5870C¬`bS�\c>LODODCEQR70Fg<BXR9HC

T−1X
S83Y>Lp8KY¾L38TRADT

N(0, 1)
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Qj
\¦n89

2 ≤ j ≤
k
V70TL703 v �R� z�S8385Jv � 5Rz}QRXR3870AD3Y>L3858709&S83Y>Lp8KY¾L38TRADTGS8385

χ2nj

s�QR709E<B70ADOP<�{
I$70TR703év � �=z�ADCE<

Q1
>Lpf709

χ2n1

s�QR709E<B70ADOP<�{gm;S�\�tq9HS8385[QRXR3lv � �=zÜS8385lv � 5Rz�ADCE<
Q1
>LS8M?KkQRXR3�>LODOD703

Qj
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2 ≤ j ≤ k
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Z1, ..., Zn
S83Y>Lp8KY¾L38TRADT

N(0, 1)
¿ QR709E<?7.ADOP<�{Y|j>L3836TRADOP<�]

vc>gz |;AD7�`bS�\c>LODODCEQL>@9BAD>Lp8OP7
Q1 = (n− 1)S2z

ADCE<
χ2n−1

s�Qg709E<B70ADOP<�{
v¦p�z�|j>LC&70Z[e8AD9HADCHM?K87�x6AP<H<B70O

Z = 1
n

∑n
i=1 Zi

S8385658AD7q70Z[e8AD9HADCHM?K87jr}>L9HAö>L38U
S2z =

1
n−1

∑n
i=1(Zi − Z)2

CHAD385�S83Y>Lp8KY¾L38TRADTR7�`bS�\c>LODODCEQ@>L9HAö>Lp8OP7L{

Ë�ÁgØ�Á�ÄcÙ
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q1 = (n− 1)s2z
S8385

q2 = nz2
{
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q1 + q2 = (n − 1)s2z + nz2 =

∑n
i=1(zi − z)2 + nz2 =

∑n
i=1 z

2
i = qv¦m;3gV703858S838Tk5870C,ra709HCHM?K8AD70p8S838TRCHCB>@<BU�70C?z
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Rang(q1) = n− 1

�
Rang(q2) = 1

{
I$70TR703

q2(z1, . . . , zn) = nz2 = zTBz
\¦XRODTL<

Bz =






1
n
(z1 + · · ·+ zn){{{

1
n
(z1 + · · ·+ zn)




 =⇒ B =






1
n
· · · 1

n{{{ { { { {{{
1
n
· · · 1

n




 .

|;AD71x�>@<B9HA�d
B
KY>@<�>LODCHX

Rang(B) = Rang(q2) = 1
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q = q1 + q2

S8385
Rang(q) = n

�
Rang(q2) = 1

TRADOP<

n = Rang(q) = Rang(q1 + q2) ≤ Rang(q1) +Rang(q2) =⇒ Rang(q1) ≥ n− 1 .
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Rang(q1) ≤ n− 1
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q1(z1, . . . , zn) =
n∑

i=1

(zi − z)2
\¦XRODTL<

Bz =






z1 − z{{{
zn − z




 =






z1(1− 1
n
)− 1

n
z2 − · · · − 1

n
zn{{{

− 1
n
z1 − 1

n
z2 − · · · − zn(1− 1

n
)
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n
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n
· · · − 1
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Rang(q1) ≥ n− 1
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Rang(q1) = n− 1
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N(µ, σ)
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Xi

n8pf709E<B9B>LTR703({
äÜC[CH70AD703

Xi
iid∼ N(µ, σ)

{a|j>L383�ADCE<
Zi =

Xi−µ
σ

iid∼ N(0, 1)
S8385

Z = X−µ
σ

�
S2z = S2x/σ
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• Y = (n−1)

σ2 S2x
ADCE<

χ2n−1
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• m;S8C&58709D��3Y>Lp8KY¾L38TRADTRFL70AP<QgXR3
Z
S8385

S2z
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X
S8385
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