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Abstract: An analog of reproducing Hilbert space of measure for a class
of signed Gaussian distributions in the space of functionals is considered.
Orthonormal bases in two special cases are constructed.
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1 Introduction

In many problems concerning statistics of stochastic processes absolute continuity or sin-
gularity of distributions play important role. In case of gaussian processes the reproducing
Hilbert spaces of distributions are used in order to formulate necessary conditions of sin-
gularity and to write down mutual densities of measures under considerations Rozanov
(1968). Moreover, explicit view of orthonormal basis in these spaces are used. In Egorov
(1997) an approach was developed to investigation of structure of the &pé&ep)

over linear topological spac& with nongaussian measuredefined by characteristic
functional. The approach is based bpn -isomorphismS from L(P) C Lo(X, i) into

Lo(Y, 1), whereY = Ly(X, ), v is an arbitrary fixed gaussian measure arnsla special
gaussian measure ondefined byu. So that one can hope for applying some analog of
gaussian constructions to some problems of statistic of nongaussian processes. In present
work we consider a class of nongaussian distributions in the space of nonlinear function-
als associated with processes determined by signed measures defined on function spaces.
These measures are of unbounded variation but their characteristic functional have sim-
ple structure, that allows to carry out exact evaluations. We give some characterization
the reproducing Hilbert space of measureand in two special cases we get orthonor-

mal basis of this space. Note that since we deal with functionals of stochastic process
) =¢(tw), t € T, w e (2, P) itis convenient for us to use instead Bfthe corre-
sponding distributions in functional spadeof functionsz(t), t € T, with o-algebraB
generated by cylindrical sets. In this case we can use the formula

/f e ().

whereE be the symbol of mathematical expectatign,— the distribution defined by
formulaye(A) = P{{(-) € A}, A€ B.

So, lety is a Gaussian measure on linear spaoeith zero mean value and covariance
functional K (¢,7n), &,n € X'. The next two Hilbert spaces (see, for example, Egorov
et al., 1993) are used widely in the theory of Gaussian distributions. The $pacéi,,
is the closure of the set of linear functiong@l -) (£ € X') in the spacd.,(X,~), and
the Hilbert spacé{ C X is dual toH. The spacéd{ is known as the reproducing Hilbert
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space of the measuye andX is called the the Cameron-Martin space. For almost all
x € X the next series is definedua, z) = >~ {¢x, x)(a, ex)sc, where{e.}, {ex},
k=1,2,...,are orthonormal bases i andJ, respectively, withp,, € X’ for all k£ and
(k. ;) = 0x;; the functional(a, ) is called measurable linear functional. There exists
an isomorphisni” of H into H which assigns a basigp,} to the basis{e;}. So one
have(¢,z) = (T, x) and K(&7n) = (§,m)g = (T, T 'n)q. Itis known that
arbitrary functionalf (z) € L,(X,~) can be presented in the form of functional Fourier —
Hermite series

o0

@(I) - Z Z aaHa(x),

n=0 ael™

@ /X o (x) Ho()d (),

where H,(z) =: [[;_,{¢a,.2) :» denotes the functional Hermite polynomial (Wick’s
monomial). Wick’s monomials form orthogonal basigig( X, v) and can be received by
differentiation the Wick’s exponent

Ay =

[e.9]

T T 1 o
69 = @ 12KED — 5 — {6 )" =€),
n=0

2 Gaussian Constructions Connected with Signed Mea-
sure

A nongaussian signed measuyravhich we consider here defined by the characteristic
functional

(=DF

WKQ}D(Sa (Qp)7 5)}7

Tulé) = / explil€, 2) () = expf

X

where Ko, (¢, %) ¢) is a symmetrip-linear form onX’x () x X’. The above men-
tioned Gaussian measureon Y with zero average value is defined by its correlation
functional

R(f,g) = / R(er, x2) F(22)g(w2) dran) dy (o),

where

K(zr,22) = »_(r1(2p—1))7" Z Ko, 0, 0,
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Using the properties of Hermite polynomials we get

K<EJW):KQP(§177§TL7¢17me)a n+m:2p7 (1)
where = = H(&, z) , WU H(% x) W, &, € X'y and IA((E, U) = 0 for
n+m # 2p. - -

Let us defineu- andzi-exponentials
(&) (=1) (20) Ew) Sy _lpea
e = eXp{<57$> - WKQp(ga : p7€)}’ ey n= eXp{<£7y> - §K(€> )}

and consider the map

S N (3" I

" g, reX,yel

The following equality take place

(S(:e'7:), S(zeln) 3 Loy = &), elm) ) Lo (X p0)- 2)

It can be proved by using explicit form of characteristic functionals of meagussl

1. As p- and p-exponentials are generating functionals of Appel polynomials (Wick’s
polynomials in case of Gaussian measures), by differentiation it is possible to réeeive
images of the relevant polynomials and extéhdn their linear envelop. The formula (2)
can used to obtain the next equality valid at least for functional polynomialscoX’

/ﬂmw@%wmw:/@ﬂ@—%wmwz

Y

=/?m@m—@mmmx

X

wherea; = T-1¢ and the maf'—! is defined by the kernéft(xl, 7).

By virtue of polarization identity for symmetric multilinear forms, it is sufficient to
define correlation functional on functions of the forig, x)™ :,, n = 1,2, ... Therefore,
in what follows we will only consider the linear functionals &nof the form

=(x )y, GnEX n=1,2... 3)
=0

n

(1
Il

Note thatf((E, U) = 0 if the functionals=, ¥ include only Wick’s monomials of
degree> 2p, so the summation in (3) is taken over= 1,2, ...,2p — 1.

Let us define the spad& = Hj. For this goal we define symmetric bilinear form in
Y’ by equality(=, V) 5 = K (2, ¥). Then we denotél, the linear envelope of functionals

E(SL’) = <£7«,$> :2 + <£2p77“7x> :’2yp77"’ r= 17p7 (4)
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where both¢, and&,,_, are not equal to zero. The functionals (4) for differerare
orthogonal inL, (Y, i1)-metrics and

(Ea \Ij)ﬁ = K(gra (r)’ 57"7 ¢2p—ra (2'1).—.7’)’ ¢2p—r) + K(¢7‘a (r)7 77/}7‘7 €2p—7‘7 (2.1).—‘7’)7 €2p—7‘)7 (5)
|| H% = /(E7 y)2dﬁ(u) = 2K(§7’7 (T)a £T7 §2p—T7 (Q‘I)‘_'T)7 §2p—T)- (6)

Y
The bilinear form(=Z, V) ; doesn’t define a norm i, because there exist elemefts:
Y’ such that||EH% < 0. We suppose also that the measpres nondegenerate, that is
HEH% = 0 only if = = 0. By virtue of nondegeneracy of the norm (6) the spatecan

be presented as orthogonal sum of subspﬁ;asand?[r, of elements with positive and
negative norm respectively:

[1]

H,=H,. +H,_.
We will use the same notations for completion of these spaces. Because of orthogonality
of functional (4) under different, we can define the space:

A=Y A=Y (5
r=1
If we obtain orthogonal basis iH we can write orthogonal system of Hermite polynomial

in L,(Y, 7i)-metrics. Note that in fact the spaégis defined here as linear manifold, and
the question of completion of this space in some topology require special development.

3 Orthonormal Basis in H

Consider two examples when the basis in the spice ( respectivelyH,_ ) may be
received in explicit form.
1. LetX = CJ0, 1] be the space of continuous functions and

1

1
[/(\—2})(517 Ce ,fgp) = /(QP)/mm(tl, . ,tgp)dfl(tl) e d§2p<t2p)
0

0

where¢;(t), 1 = 1,...,2p, are the functions of bounded variation (see Hochberg, 1978, for
corresponding signed measw)e

Sincef@,,(gl, N f§1 .. &9p(u)du, the equality (5) can be transformed

into )
E.0); = / €7 ()22 () + ()2 () du

0
1

Let {ay, = ax(t),k = 1,2,...} be orthonormal basis ih;[0, 1]; «af = (a(t))r. Then
the set

1 1

r 1 T r p—7 —r
Agc)(x)zﬁ[;@,;,x) L@ )P L) k=12, 7)
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Is the orthonormal basis i?L,Jr. In fact, substituting (7) into (5), we obtain

1

(AP, A7) = / o (w)yj(u)du = 0y,

0

S E A =3 / + € lan(d? = I+ €171 o
k=1 k=1
Taking into account, (u) # 0, &, # 0, ngp Ydu < oo, fgff" ") ( Ydu < oo, T =
1,p and completeness dfay(u)}, k = 1, 2, ..., in Ly[0, 1], one gets from these equali-
ties the statement.
2. Now let

K2p &, ..., &) = ZMH&,S% Hoy
k=1

where{yy }r—12, . is orthonormal basis i/, and

D M) <00, 1 =T,2p. (8)
Then we have

Z/\ 57“790] Hv(¢2p ra@j)2p ' (¢T7¢])H7(§2p 7"’90])273 T]v r=4Lp.

9)

It is not difficult to verify that the set
A(T) _ i . /\_% T, () 2(211 ) 2p—r . k= 10
k _\/5[<k (,Dk,(E> '"/+'<k Pk L > "Y]? _1727"'7 ( )

is the orthonormal basis i?LJr. Really, substituting (10) into (9) we get:

( kt) Ak2 ﬁ_z

1
T 20@pr)

2p—r
k1 Spkngpj)Hﬂ,(/\kg @kga%)fi +

l\DI»—t

1

1 s
+()‘k12r Phas Soj)Hw()‘k;(zp )90’?17 CPj)HW] = 6k1k2

Z H’A(r = Z[(fhgpk)r (521) T Sok)Qp r]2 < 00
k=1 k=1

The last inequality is valid due to (8).
Note that basis inH,_ can be obtained by change of sign in front of the second term
in (7) and (10).
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