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Abstract: We consider the problem of estimating the scale parameter of an
exponential distribution under multiply type Il censoring when a prior point
guess of the parameter value is available. Shrinkage estimators are obtained
from the approximate maximum likelihood estimators proposed in Singh et
al. (2004) and in Balasubramanian and Balakrishnan (1992). These estima-
tors are then compared by their simulated mean squared errors.

ZusammenfassungWir behandeln das Problenm der &ttung des Skalen-
parameters einer Exponentialverteilung unter mehrfacher Typ Il Zensierung
der Stichprobe. Dazu nehmen wir an, dass bereits vorweg auch eine Ver-
mutung tiber den Wert des Parameters vorliegt. Wir erhalten Shrinkage-
Schatzer aus den approximativen Maximum-Likelihood &zlern in Singh

et al. (2004) und Balasubramanian and Balakrishnan (1992). Ein Vergleich
dieser Schtzer beruht dann auf deren simulierten mittleren quadratischen
Fehler.
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1 Introduction

In life testing experiments a fixed number of items, says often put on test simultane-
ously. But the experimenter may not always be in a position to observe the life times of all
these items because of time limitations or other restrictions on the data collection process.
Let us suppose that out of thdtems only the first life-times have been observed and the
life-times of the othe(n — [) components remain unobserved and are missing. This type

of censoring is known as right type Il censoring. Another way to get censored data is to
observe only the largest life times. In this case the life times of the fifst—m) compo-

nents are missing. Such censoring is known as a left type Il censoring scheme (see Leemis
and Shih, 1989). Moreover, if left and right censoring happen together, this is known as
doubly type Il censoring (see Sarhan and Greenberg, 1957). A reverse situation to doubly
type Il censoring is mid censoring, where the data on two extremes are available but some
of the middle observations are censored (see Sarhan and Greenberg, 1962). If mid censor-
ing arises amongst doubly censored observations, the scheme is known as a multiply type
Il censoring scheme. Balakrishnan (1990) has discussed a more general version of such a
multiply type Il censoring, where only theth, roth, ..., rith (1 <7 < -+ < rp < n)

failure times are available. Under this multiply type Il censoring scheme even the likeli-
hood estimate for the one parameter exponential distribution is difficult to obtain directly
from the likelihood equation. Balasubramanian and Balakrishnan (1992) and Singh et al.
(2004) proposed some approximate maximum likelihood estimators, which are denoted
asfy;, andfy 4, respectively.
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In real world situations, particularly in life testing problems, the experimenter may
have evidence that the value of the parameter under study, $ayn the neighborhood
of ,. We calld, the experimenter’s prior point guess. For example, for a patient suffering
from cancer the doctor may believe that the patient will survive two more months. In this
case, can be taken to be equal to two months. Similarly, a bulb producer may know that
the average life time of his product may be close to 900 hours. Here we magjtake
900. Now the following questions arise: “Should we wWsan the estimation procedure,
which may be a close guess®but may not be its true value?”, or “Should we base our
estimator on sample information only?” Furthermore, if one wishes to incorporate the
additional informatiord, in the estimation of the question may be “How to use it?”

The purpose of this paper is to study the procedures, which answer the above questions
in order to estimate the scale parameter of an exponential distribution under a multiply
type Il censoring scheme. It may be recalled that Thompson (1968) was the first who
proposed a procedure popularly known as shrinkage procedure, which suggests the use
of a prior point guess of the parameter for improving the performance of the existing
estimatord. If a prior point guesy, is available with known confidence, 0 < o < 1,
the shrinkage estimator féris defined as

A

TSH :a00+(1—a)9. (1)

Using Thompson’s technique, the respective shrinkage estimators based on the approxi-
mate maximum likelihood estimatoégA andfz; can easily be defined. Studies of such
types of other estimators reveal that these perform better than the original estimators pro-
vided the true value of is close tof, and« is taken to be large. It is also noted that

the performance of these estimators strongly depends on the chaicdfof is not set

in accordance with the reality (i.e., largewhend is close tod,, and smallh whend is

away fromé,), it may happen that either there is no significant gain in the performance
of Tsy or there is actually a significant loss. In general, the true value of the parameter is
unknown and, hence, a proper choicexafan not be guaranteed. Therefore, in the situa-
tions when the experimenter is either not able to provide a fixed valuepooit is feared

that the value ofv may not be in accordance with the real situation, it may be proposed to
consider (1) as a class of estimators and select the best by cheosuaip that the mean
squared error (MSE) dfsy is at its minimum. It is easy to verify that the optimum value

of a for which MSE(Tsg ) is minimized, is

MSE?(0) — (o — 6)bias(0) @)
(60 — 6)2 + MSE(8) — 2(6y — 8)bias(d)

aopt -

Itis clear thaty,,; depends ofl. Itis therefore suggested to replatia (2) by its estimate,
giving &,,;. Needless to mention that due to the usé of a,pt, the performance of the
shrinkage estimator is expected to be adversely affected.

Comparisons of the performance of shrinkage estimators with the usual estimators are
quite common in the existing literature. But the present paper discusses for the first time
the effect of the use of different estimators on the corresponding shrinkage estimators.
Comparing MSEs, it will be seen that shrinkage estimators based on the approximate
likelihood estimator proposed by Singh et al. (2004) perform better than the one based
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on results in Balasubramanian and Balakrishnan (1992). Singh et al. (2004) proposed
a procedure to obtain an approximate maximum likelihood estimator as an alternative to
the one given in Balasubramanian and Balakrishnan (1992). The present paper aims to
develop the shrinkage estimators from these approximate maximum likelihood estimators
and compare their performances.

In the next section we obtain the shrinkage estimatorg f@ing a prior point guess.
In Section 3 the proposed estimators are computed for the data given in Balasubramanian
and Balakrishnan (1992) in order to illustrate the procedure discussed here. The MSEs of
all estimators are then compared in Section 5. Finally, a brief conclusion is given.

2 Shrinkage Estimation

Consider a one parameter exponential distribution with pdf

F(a]0) = %exp(—x/@) 230,050, 3)

Suppose that items, whose life-times follow model (3), are placed on test and that the
rith, roth, ..., rith failure times are recorded as, . . ., x;, respectively. The likelihood
function for such a multiply type Il censored sample is

-1
nl O=F (1 — e/ Al

L(O|x) = e uil0 _ gmmia/0) ™ e~t/0
(61z) (n—mrg)! (rp — 1)! Hi.:ll u;! E ( )
whereu; =r; . —r;—1,i=1,...,k—1,andt;, = Zle z; + (n — rg) k.

The approximate likelihood estimator éproposed by Singh et al. (2004) is

A ty + Ef:_ll Tl
GUA = b_1 )
k+(ri—1)+ >0 w

whereas the one proposed by Balasubramanian and Balakrishnan (1992) is

Zf:_(}(‘sixi + (1= 8;)xi1)u; + ty
k— Zf;ol Ui

withrg = zo = 0,¢; = 1—r;/(n+1), & = /(¢ — 1) — G%i1 /(G —Gi+1)* 108(¢ / Gi1),
andy; = (gi+11og giv1 — qi1log ¢i) /(¢ — Giv1) + dilog g; + (1 — &;) log giy1.

: (4)

HBL =

2.1 Specified Confidence

As discussed earlier, the shrinkage estimaégpﬁa) oréBL(a) can be defined by replacing
6 in (1) by 64 or 5. Their MSEs can be easily obtained from

MSE() = o?(0y — 0)* + 2a(1 — a)(6y — 0)bias(d) + (1 — «)>MSE(H)
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after replacing by 64 anddp;, respectively. Expressions foias(0y.4), bias(0zr),
MSE(0y4), andMSE(fp1) can also be easily obtained by using

E(z;) =0S1(n —r;,n), and cov(x;, x;) = 0252(n —riyn), 1< 7,

whereS; (a,b) = S1_, . 1/l andSy(a, b) = 3_, ., 1/12. With these results we get

biaS(éUA) ey Zﬁzsl — TN
bias(éBL) = 5 Z )\ Sl —Ty,n
R 2
MSE(@UA) = W Zﬁ?(Sg(n—m,n)—i—Sf(n—ri,n))
i=1

k-1
+2 Z Z Bif3; (Sg(n —r;,n) + Si(n—r;,n)Si(n—rj, n))

i<j

+3 <52(n — 7, n) 4+ Si(n — 1, n))

k-1
+204 Zﬁi (Sg(n —ry,n) + S1(n—r;,n)S1(n — rg, n))
i=1

k-1

+ W2 —2W (Z B3iS1(n —riyn) + BrSi(n — 1y, n)) }

i=1

MSE(0sr) = 173 {ZV(SQ n—r;,n)+Si(n m,n))

+ 2 Z Z i (Sz(n —71i,n) + Si(n —ry,n)Si(n — m,n))
1<j
+ X (Soln = 1) + S2n = mym) )
k-1

+ 2\ Z )\i<S2(n —ry,n) + S1(n—r;,n)Si(n —rg, n))
—2V (Z/\ Sl — TN "‘)\ksl(n_rk? ))}

Wlth@:u,jtland)\l:—ﬁljtu,l Uj—10;— 1,.—1,. k’ 1butﬂk—n—’f‘k+1
and)\, =n — 11 — Up_ 1051, W=k+r —1+ Zl LU, Vo =k — ZZ | w7y The
termso; and~;, i = 1,..., k have been already defined.
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2.2 Unspecified Confidence

As suggested in Section 1, the shrinkage estimator baséd pwhen point gues§, is
available with unspecified confidence can be obtained as

Ouag) = avabo + (1 — apa)lua,
whereay 4, as defined in (2), can be rewritten as
MSE(fy4) /6% — (60/0 — 1) (bias(fura)/0)

. . . (5)
(60/6 — 1)2 + MSE(8y4) /6% — 2(60/6 — 1) (bias(GUA) /9)

Qua =

It may be noted from (5) thatISE(d; 4)/6? andbias(d 4)/6 are independent df but
aya still depends or due to the tern®, /0, which can be estimated l:&/éUA in (5)
giving its estimated valuéy 4. Substitutinga; 4 in place ofay 4, we get the shrinkage
estimator based ofy;» when a point guess is given with unspecified confidence. This
may be written as, A A

Oua@) = auabo + (1 — aya)lua . (6)

Similarly, the shrinkage estimator basedépn may be obtained from (6), after replacing
GUA andag 4 by Op; andap;, respectlvely, WheréBL is given in (4) andyg;, can be
obtained from (5) after replac:lrﬁgandQUA by 6. It may be noted here that the expres-
sions for the MSEs O@UA(Q andHBL can not be obtained and, therefore, one has no
option except to go for a simulation study to compare their MSEs.

3 llustrative Example

For illustration we take the example from Balasubramanian and Balakrishnan (1992),
wheren = 30 items were placed on a life-test experiment and their failure times (in
hours) were recorded. The data reported is

0961 0990 1565 2.031 2.204 2340 3.642 6.008 6.538 7.145
- - - 11.937 15.433 18.234 18.307 22.096 - -
- 28.799 30.692 30.737 33.702 34.245 - - - -

This is a simulated data set from model (3) with- 20, where some middle observations
were not recorded and the experiment is supposed to be terminated as soon as the 26th
item failed. Based on this multiply-Il censored sample the estimates are calculated and
given in Tables 1 to 3. We see tf@L(a) or éUA(a) only provide improvements compared

to 1, or Oy 4, if the guesd, equals the true value, i.6, = 20. For guesses less than

20, the estimates move away from the true value axreases. Sincy andéU 4 both
underestimate the true parameter, an improvement can be gges lidrger than the true
value. On the other hand, if no point guess is available and W@Lu@g) and 93L

the estimates only improve # is quite close the truth. For other values, the estlmates
move away from the true value but the magnitude of deviation is smaller as compared to
the case whe#, is given with specified confidence. However, it may be remarked here
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that we should not infer about the performance of the estimator on the basis of a single
sample. To study the performance of all the estimators we should study the behavior of
their MSEs in order to draw fair conclusions.

Table 1: Estimate8p ., based oz, when the guesg, is given with confidence:

6o OBL 9BL(a)
a=02 a=04 a=06 a=028

16 19.971 19.176 18.382 17.588 16.794
17 19.971 19.376 18.782 18.188 17.594
18 19971 19576 19.182 18.788 18.394
19 19.971 19.776 19.582 19.388 19.194
20 19971 19.976 19.982 19.988 19.994
21 19971 20.176 20.382 20.588 20.794
22 19971 20.376 20.782 21.188 21.594
23 19971 20576 21.182 21.788 22.394
24 19971 20.776 21582 22.388 23.194

Table 2: Estimate8y 4., based o, when the gues, is given with confidence:

b  Oua Ou A
a=02 a=04 a=06 aoa=028

16 19.320 18.656 17.992 17.328 16.664
17 19.320 18.856 18.392 17.928 17.464
18 19.320 19.056 18.792 18.528 18.264
19 19.320 19.256 19.192 19.128 19.064
20 19.320 19.456 19.592 19.728 19.864
21 19.320 19.656 19.992 20.328 20.664
22 19.320 19.856 20.392 20.928 21.464
23 19.320 20.056 20.792 21.528 22.264
24 19.320 20.256 21.192 22.128 23.064

Table 3: Shrinkage estimates when a guiss given with unspecified confidence

to 0L buva  OUBr@a)  fuaw
16.0000 19.9712 19.3196 18.0086 17.4298
17.0000 19.9712 19.3196 18.083 17.5565
18.0000 19.9712 19.3196 18.3978 18.0863
19.0000 19.9712 19.3196 19.0564 18.9977
20.0000 19.9712 19.3196 20.0000 19.9602
21.0000 19.9712 19.3196 20.9341 20.654
22.0000 19.9712 19.3196 21.5723 21.0278
23.0000 19.9712 19.3196 21.8686 21.1799
24.0000 19.9712 19.3196 21.9305 21.2098
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4 Comparing the MSEs of the Estimators

4.1 Specified Confidence

We now compare the performance of the shrinkage estimé@;glgg) anddp L(a) With that

of the corresponding approximate maximum likelihood estimators when a point guess is
available with specified confidence. Notice the8E (0 () andMSE(fp1(.)) are both
functions ofé, 6,, n, o, andr;, © = 1,..., k. The MSEs of these estimators have been
calculated for various values 6fn, «, andr;. A number of values have been assigned to

6y so that the relative variatiop = (6 — 6,)/6 takes values i1—0.60(0.20)0.60). This

was done to provide a wide variation in the valuegpéround the truth.

Itis noted that as sample sizeéncreases the MSE of the estimatérs,(,) andfy,a)
decreases generally, provided the sampling fraction and the type of sample observations
do not change too much. It was further noted thdt m&reases the MSE increase without
affecting the relative performances of the estimators. Therefore, only fer 10 and
0 = 5 the MSEs of the estimators have been shown here in Figure 1.

Moreover, if¢ is close to zero, i.e. if, is close tod, the shrinkage estimat@rBL(a)
has smaller MSE thafis; for all choices ofr. However, a greater reduction is obtained
for large values ofx. It may be further noted that for moderate valuespofi.e. for
6| < 0.5, 01 has always smaller MSE thahy;, for all a. But if |¢| > 0.5, the

MSE of éBL(a) may be larger than that k5, for large values ofv. The range ofp

for which éBL(a) has smaller MSE thaéy;; can be increased by takingsmall, though

the magnitude of reduction in MSE also decreases. It is also interesting to note that if
the sample contains higher order observations, the greater reduction in MSE is seen for
positive values ob, i.e., wherd, is smaller than the true value. The situation is reversed
when the observed sample contains lower order values. A similar trend can be observed
for the MSE 0ffy; 4 (), Which is generally smaller than that &f .., for small values of

a. As a increasesMSE (0 4(a)) remains smaller thahISE(Ap(.)) for small values of

¢, but for large value of the trend is reversed. Far = 0.9 both shrinkage estimators
have approximately equal MSE. Except for large value3>,oMSE(éUA(a)) is smaller

thanMSE(éBL(a)).

4.2 Unspecified Confidence

As already mentioned, although the shrinkage estimators are obtained in closed forms,
analytically closed form expressions for their MSE are not available. Therefore, a com-
parison of their MSEs will be based on results of a simulation study. For this purpose,
a Monte Carlo study of 1000 samples each of size 10 was conducted for various values
of 0, ¢, n, k andr;. The parameter values considered here are the same as in Section
4.1. Notice that a change in thgs, for £ fixed, results in a change of the magnitude of

the MSE. In general, for a fixed number of observations (i.&xed), if the higher order
observations are taken, the MSE decreases slightly for almost all estimators (see Figure
2). The amount of decrease, however, differs from estimator to estimator. Further, on the
basis of a thorough study of the results, it was noted that the MSEs of all the proposed
estimators increase dsncreases but the trend remains more or less the same.
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MSE

MSE

MSE

Figure 1: MSEs of the estimatofig;, (©), 0ra=01) (A), 08La=05) (X), OLia=0.9) (%),

ua (O), éUA(a:O.l) (o), éUA(a:0.5) (+), éUA(a:O.Q) (—), forn = 10,0 = 5, andr; =
1,2,5,6,8 (above);; = 1,2,6,9,10 (middle), and-; = 3,4, 7,8,9 (below),i = 1,...,5.
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Figure 2: MSEs of the estimatofg;, (), 051 (2), fua (O), Gy (8), for n = 10,
0 = 5,andr; = 1,2,5,6,8 (above),r; = 1,2,6,9,10 (middle), andr; = 3,4,7,8,9
(below),i =1,...,5.
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As shown in Figure 2, ity = 0 thendy; 4(a) has the smallest MSE. The MSE&,4)
is also smaller than the ones é&A andfdp;. As ¢ increases the MSEs @fBL(@) and

éUA(@) also increase and become larger than thosé@]@fandéBL beyond certain limits

of ¢, say,¢ € (¢1,p2) With ¢, < —0.6 and¢p, ~ 0.4. Thus, the shrinkage estimator
provides an improvement only in a subspace around the true parameter value. Generally,
MSE(éUA(d)) is also smaller thaMSE(éBL(@)) in this subspace. For values ¢utside

this range, the MSE of.; 4 is smaller than the MSEs of all other estimates.

5 Conclusion

From the above results we may conclude that if a prior point guess is close to the truth,
we can safely use the shrinkage estimém{(a) together with a large value of, because

it provides the smallest MSE. On the other hand, if the point guess is expected to be in the
immediate neighborhood, one can still ése ). However, if it is suspected that the true
value ofé may be far away from the guessed valigeone should never use a shrinkage
estimator. In such situations the best one can do is todusei.e., the approximate
maximum likelihood estimator proposed by Singh et al. (2004).
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